J. Math. Anal. Appl. 447 (2017) 419-434

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Quadratic and cubic harmonic number sums @
CrossMark

Xin Si?, Ce Xu"*, Mingyu Zhang"

# School of Applied Mathematics, Xiamen University of Technology, Xiamen 361005, PR China
b School of Mathematical Sciences, Xiamen University, Xiamen 361005, PR China

ARTICLE INFO ABSTRACT
Article history: This paper develops an approach to evaluation of Euler related sums. The approach
Received 20 January 2016 is based on simple integral computations. By the approach, we can obtain some

Available online 19 October 2016

' closed form representations of sums of quadratic and cubic harmonic numbers and
Submitted by B.C. Berndt

reciprocal binomial coefficients. The given representations are new.
© 2016 Elsevier Inc. All rights reserved.

Keywords:
Polylogarithm function
Euler sums

Riemann zeta function
Harmonic numbers

1. Introduction

In this paper, by using the integrals of polylogarithm functions, we discuss the analytic representations
of the following type of quadratic and cubic Euler related sums involving harmonic numbers and reciprocal
binomial coefficients

m > 3
Z HnCn( ) ’Z Hn , (11)

through harmonic numbers and Riemann zeta functions, where m, p, k are positive integers, H,, and ¢, (m)
stand for the n-th harmonic number and the n-th generalized harmonic number, which are defined by

H, = 1 gn(k):zi 1<keZ (1.2)

On the other hand, we define the n-th generalized alternating harmonic number by
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L 1<keZ (1.3)

n
j=1

In [21], Anthony Sofo gave the following relations for harmonic numbers and alternating harmonic numbers

1
Ln (k) = Gofnt1y /21 (k) = 5 (Cny2) (k) + Cn—1yy2) (k) , 2< k € Z,
L, (1) =H, - H[n/2]7

where [z] is the integer part of x.
The polylogarithm function is defined for |z| < 1 by

Li, (z i i— (1.4)

If = 1, then the function Li, (x) reduces to the Riemann zeta function {(p) which is defined by (see [1,4,5])
=Y
= nb
If x = —1, then the function Li, (z) reduces to the alternating Riemann zeta function which is defined by

n 1

Z R(p) > 1.

The subject of this paper is Euler sums. The classical Euler sums are the infinite sums whose general term
is a product of harmonic numbers of index n and a power of n~!. For instance, the classical linear Euler
sum is defined by

o $n (P)
Spa = Z nnq ,2<q€ Z. (1.5)
n=1
Let m = (m1,...,7) be a partition of integer p and p = 71 + - - - + m with 71 < g < -+ < 7. The classical

nonlinear Euler sum of index m, ¢ is defined as follows (see [14])

Sy = i Gn (m1) Gn (7;2;]) G (m). (1.6)

n=1

where the quantity m + --- 4+ 7, + ¢ is called the weight, the quantity & is called the degree. Many Euler
sums can be expressed in terms of a linear rational combination of Riemann zeta values. For example we
know that [2,14]

113
S B - Mm@
n=1

and from [25]
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