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1. Introduction

For real numbers x,y > 0, the gamma, beta and psi functions are defined as

I(z) :/t"_le_tdt, B(a,y) = W) 0y 1@ (1.1)

respectively. (Cf. [1,3,12,13].) Let v = 0.5772156649 - - - be the Euler constant. The so-called Ramanujan
constant R(a) is defined by

R(a) = -2y —¢(a) — (1 —a) for a€(0,1), (1.2)
which is the special case of the following function of two parameters a and b

R(a,b) = =2y —¢(a) —(b) for a,be (0,00) (1.3)
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when b = 1 — a. By [1, 6.3.4], R(1/2) = log16, and by the symmetry, we can sometimes assume that
a € (0,1/2] in (1.2).
For a,b,c € R with ¢ # 0,—1,—2, ..., the Gaussian hypergeometric function is defined by

F(a,b;c;x) = Fi(a,b;c;z) = Z (a,n)(b,n)

n=0

" -1,1
(e,n)n! "z e (=L1),
where (a,n) denotes the shifted factorial function (a,n) =a(a+1)---(a+n—1) for n € N, and (a,0) =1
for a # 0. F(a,b; c; x) is said to be zero-balanced if ¢ = a+b. The asymptotic properties of F'(a,b; a+0b;x) as
x — 1 are related to B(a,b) and R(a,b). (See [1, 15.3.10], [2, Theorem 1.3 & 1.4] and [6,7,11].) For example,
F(a,b;a + b; z) satisfies the following S. Ramanujan’s asymptotic relation (cf. [2, (1.6)])

B(a,b)F(a,b;a + b;z) + log(1 — z) = R(a,b) + O((1 — z)log(1 — z)), = — 1, (1.4)

by which

. Fla,b;a+bx) 1
S eI —2)] _ Bla,b) (1.5)

(See also [5, Theorem 2.1.3].) For a € (0,1/2], r € [0,1] and ' = V1 — r2, let J#,(r) and ] (r) denote the
generalized elliptic integrals of the first kind, which are defined by
Ha(r) = gF(a,l —a;1;7%) and A (r) = H,(r') for 1€ (0,1), Ho(0) =7/2, Hy(1) = .

Then, by (1.4),

oR(a)/2

B(a) A, (r) — wlog o= O((r")?logr’), r — 1, (1.6)

where

B(a) = B(a,1 —a) =T(a)I'(1 —a) = (1.7)

sin(ma)’
For a € (0,1/2], define the homeomorphisms i, : (0,1) — (0,00) and ¢% : [0,1] — [0,1] by

T Ky (r)  Bla)A](r)

a

Ha(r) = 2sin(ma) 24,(r)  2,(r)

and
05 (r) = pg (a(r)/K), 9%(0) = %(1) =1 =0,

respectively. Then the following Ramanujan’s generalized modular equation with signature 1/a and order
(or degree) p
F(a,1—a;1;1 — s?) F(a,1—a;1;1—17?)

= L 0<r<1,
F(a,1—a;1;52) p F(a,1—a;1;7?) "

and its solution s can be written as
fa(s) = pua(r) and s =, (1),

respectively.
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