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In this paper we consider a general d-dimensional second-order elliptic Partial 
Differential Equation (PDE) with variable coefficients, and we extend previous 
results on the spectral distribution of discretization matrices arising from B-spline 
Isogeometric Analysis (IgA). First, we provide the spectral symbol of the Galerkin 
B-spline IgA stiffness matrices, under the assumption that the PDE coefficients only 
belong to L∞. This symbol describes the asymptotic spectral distribution when the 
fineness parameters tend to zero (so that the matrix-size tends to infinity). Second, 
we prove the positive semi-definiteness of the d ×d symmetric matrix in the Fourier 
variables (θ1, . . . , θd), which appears in the expression of the symbol. This matrix is 
related to the discretization of the (negative) Hessian operator, and its positive semi-
definiteness implies the non-negativity of the symbol. The mathematical arguments 
used in our derivation are based on the Lusin theorem, on the theory of Generalized 
Locally Toeplitz (GLT) sequences, and on careful Linear Algebra manipulations of 
matrix determinants. These arguments are very general and can also be applied to 
other (local) PDE discretization methods, different from B-spline IgA.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Consider the following second-order elliptic Partial Differential Equation (PDE) with variable coefficients 
and homogeneous Dirichlet boundary conditions:
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−∇ ·K∇u + α · ∇u + γu = f, in Ω,

u = 0, on ∂Ω,
(1.1)

where Ω ⊆ Rd is a bounded open domain with Lipschitz boundary, K : Ω → Rd×d is a Symmetric Positive 
Definite (SPD) matrix of functions in L∞(Ω), α : Ω → Rd is a vector of functions in L∞(Ω), γ ∈ L∞(Ω), 
γ ≥ 0 and f ∈ L2(Ω). Any linear discretization of the given differential problem for some sequence of 
stepsizes h tending to zero leads to a sequence of linear systems Ahu = f , where the size of Ah tends to 
∞ as h → 0. For the numerical solution of such linear systems, it is important to understand the spectral 
properties of the matrices Ah. The spectral distribution of a sequence of matrices is a relevant concept. 
Roughly speaking, if the sequence of matrices {Ah} has a spectral distribution described by the function 
f (and f is at least Riemann-integrable), then the eigenvalues of Ah behave like a sampling of f over an 
equispaced grid on the domain of f . In this case, the function f is called the (spectral) symbol of the 
sequence {Ah}.

The spectral distributions of sequences of discretization matrices arising from B-spline Isogeometric 
Analysis (IgA) approximations of (1.1) were investigated in a series of recent papers. In particular, the 
Galerkin B-spline IgA discretization was addressed in [9–11]. The symbol of the corresponding sequence 
of stiffness matrices was computed and studied in [9,10] in the simplified constant-coefficient case, where 
K is the identity matrix and Ω = (0, 1)d. Afterwards, in [11], the spectral study was generalized to the 
case where the PDE coefficients are continuous functions and Ω is an arbitrary domain described by a 
suitable geometry map G : [0, 1]d → Ω. A similar spectral study was performed in [8] for the sequence of 
collocation matrices arising in the B-spline IgA collocation context. In addition, the information contained in 
the symbol was successfully exploited in the design/analysis of optimal multigrid methods for the numerical 
solution of the linear systems involved in IgA discretizations [5–7]. Especially for high values of the B-spline 
degrees p := (p1, . . . , pd), some problems with classical iterative methods were detected and a multi-iterative 
multigrid strategy to solve them was described in [5–7].

In this paper, we extend the above mentioned results about the spectral distribution and the related 
symbol in the following two ways.

• We identify the complete symbol f describing the spectral distribution of the sequence of stiffness 
matrices related to the Galerkin B-spline IgA discretization of (1.1). We only require that the PDE 
coefficients belong to L∞(Ω). The argument used in our derivation is based on two main tools:
– the Lusin theorem [15], to approximate a measurable function by a continuous function;
– the theory of Generalized Locally Toeplitz (GLT) sequences [12,18,19], which stems from Tilli’s work 

[20] and from the theory of classical Toeplitz operators (see, e.g., [2]).
• We prove the positive semi-definiteness of the d × d symmetric matrix Hp(θ) in the Fourier variables 

θ := (θ1, . . . , θd), which appears in the expression of the symbol f . The matrix Hp(θ) is related to the 
discretization of the (negative) Hessian operator, and is sometimes referred to as ‘the symbol of the 
(negative) Hessian operator’. The positive semi-definiteness of Hp(θ) implies the non-negativity of f
and is an important property for the spectral distribution of discretization matrices. Moreover, we show 
that this result straightforwardly extends to the B-spline IgA collocation case.

The remainder of the paper is organized as follows. In Section 2 we briefly describe the Galerkin IgA 
approximation based on uniform tensor-product B-splines of degrees p of the full elliptic problem (1.1), and 
we present our two main spectral results: the identification of the complete symbol f describing the spectral 
distribution of the corresponding stiffness matrices, and the property of positive semi-definiteness for the 
matrix Hp(θ) which appears in the expression of the symbol f . Some preliminaries on GLT sequences are 
collected in Section 3. Then, we prove our two main results in Sections 4 and 5, respectively. We extend 
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