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We study the Cauchy problem for nonlinear damped wave equations with a critical 
defocusing power nonlinearity |u|

2
n u, where n denotes the space dimension. For 

n = 1, 2, 3, global in time existence of small solutions was shown in [4]. In this paper, 
we generalize the results to any spatial dimension via the method of decomposition 
of the equation into the high and low frequency components under the assumption 
that the initial data are small and decay rapidly at infinity. Furthermore we present 
a sharp time decay estimate of solutions with a logarithmic correction.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

We study the large time asymptotics of solutions to the Cauchy problem for the nonlinear damped wave 
equation {

∂2
t u + 2∂tu− Δu + |u|

2
n u = 0, x ∈ Rn, t > 0

u (0, x) = u0 (x) , ∂tu (0, x) = u1 (x) , x ∈ Rn,
(1.1)

in higher space dimensions n ≥ 4.
The power of the nonlinearity pF = 1 + 2

n is well-known Fujita critical exponent (see [1]). In the subcritical 
case p < pF the solution may blow up in a finite time even for small initial data (see [7,13,16,22–24]). In the 
supercritical case p > pF there exists global solution, which asymptotically behaves as a heat kernel (see 
[2,5,6,8–12,15,17–21]).
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In [4] or the book [5], the Cauchy problem (1.1) was considered in the case of n = 1, 2, 3. We obtained 
the following result. If the initial data u0 ∈ Hδ,0 ∩H0,δ, u1 ∈ Hδ−1,0 ∩H−1,δ with δ > n

2 are small and such 
that

θ =
∫

Rn

2u0 (x) + u1 (x) dx > 0,
∫

Rn

u0 (x) dx > 0,

then the Cauchy problem (1.1) has a unique global solution u ∈ C 
(
[0,∞) ;Hδ,0) satisfying the following 

asymptotic property

∥∥u (t) − θG (t) g−n
2 (t)

∥∥
Lp ≤ Cg−1−n

2 (t) 〈t〉−
n
2

(
1− 1

p

)
log g (t)

for all t > 0, where 1 ≤ p ≤ ∞, g (t) = 1 + κ log 〈t〉, κ = θ
2
n

nπ

(
n

n+2

)n
2 , G (t, x) = (2πt)−

n
2 e−

|x|2
2t is the heat 

kernel. Note that the nonlinearity |u|
2
n u in the Cauchy problem (1.1) has not sufficient regularity, so we 

can not apply the methods of [4] or [5] to the higher space dimensions n ≥ 4. In the present paper we apply 
a different approach based on the direct decomposition of equation (1.1) into the high and low frequency 
parts. It is known from the previous works, that in the high frequency part the solution has an exponential 
time decay, so that the solution is a remainder in this part. In the low frequency part we decompose the 
nonlinear damped wave equation into a system of two equations with the first order time derivative. One 
of these equations has exponential time decay. Another one is responsible for the large time asymptotics of 
solutions which is similar to that of the nonlinear heat equation. Our method in this paper works well for 
any dimension and it makes a proof much simpler than the previous one.

To state our result precisely we introduce some notations. The usual Lebesgue space is denoted by Lp, 
1 ≤ p ≤ ∞. Define by

Hl,m =
{
φ ∈ L2;

∥∥∥〈x〉m 〈i∇〉l φ (x)
∥∥∥
L2

< ∞
}

the weighted Sobolev space, where 〈x〉 =
√

1 + |x|2, 〈i∇〉 =
√

1 − Δ. We also use the notation Hl = Hl,0. 
We denote by F the Fourier transformation

û (ξ) ≡ Fu = (2π)−
n
2

∫
Rn

e−iξ·xu (x) dx

and F−1 is the inverse Fourier transformation

F−1u = (2π)−
n
2

∫
Rn

eiξ·xu (ξ) dξ.

By C (I;B) we denote the space of continuous functions from a time interval I to the Banach space B. In 
what follows we denote by C different positive constants.

Our main result is the following.

Theorem 1.1. Let the initial data u0 ∈ H2 ∩ H1,δ, u1 ∈ H1 ∩ H0,δ with δ > n
2 , n ≥ 4 and

θ =
∫

Rn

2u0 (x) + u1 (x) dx > 0.
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