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1. Introduction

It is well known that, for any m,n > 0, the number

20200,

called a Delannoy number, counts lattice paths from (0,0) to (m,n) in which only east (1,0), north (0, 1),
and northeast (1,1) steps are allowed. Recently, Z.-W. Sun [15] introduced the following polynomials
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and established some interesting supercongruences involving d,,(z) or s,(z), such as
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-1 —z  (mod p?), if x =0 (mod p),

Z(Qk—i—l)dk( )>=qx+1 (modp?), ifr=-1 (mod p), (1.1)
k=0 0 (mod p?), otherwise,

p—1

> 2k +1)sg(x)> =0 (mod p?), (1.2)
k=0

where p is an odd prime and z is a p-adic integer.

Recall that a polynomial P(z) in x with real coefficients is called integer-valued, if P(x) € Z for all
x € Z. In this paper, we shall prove the following generalizations of (1.1) and (1.2), which were originally
conjectured by Z.-W. Sun (see [15, Conjectures 6.1 and 6.12]).

Theorem 1.1. Let m and n be positive integers. Then all of

are integer-valued.
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We shall also prove the following result, which will play an important role in our proof of Theorem 1.1.

Theorem 1.2. Let m and n be positive integers and let j, k be non-negative integers. Then

and

are integers.
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The paper is organized as follows. In the next section, we shall give a g-analogue of Theorem 1.2. In

Section 3, we mainly give a single-sum expression for d, ()%, a new expression for s,(x)?, and recall a
recent divisibility result of Chen and Guo [3] concerning multi-variable Schmidt polynomials. The proof of
Theorem 1.1 will be given in Section 4. We propose some related open problems in the last section.

2. A g-analogue of Theorem 1.2

Recall that the g-binomial coefficients are defined by

k 1— qn7k+i
m _ Hﬁ if 0 <k <n,
k i=1

0, otherwise.

The following is our announced strengthening of Theorem 1.2.
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