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1. Introduction

Let K C R™ be a convexr body, a convex and compact subset which includes the origin as an interior
point. Many classic problems in convex geometry are concerned with the unique determination, possibly up
to congruency, of a convex body within some collection.

One well-known positive result is the Minkowski—Funk Section Theorem (see, for example, Corollary 3.9
in [9]), which may be stated in terms of intersection bodies. Recall that L C R™ is a star body if the closed
line segment connecting the origin to every x € L is contained in L, and if its radial function

pL(g):max{a20|a§€L}, gesn
is positive and continuous. Note that all convex bodies are also star bodies. We say L is origin-symmetric if

L = —L. More generally, L is centrally-symmetric if one of its translates is origin-symmetric. The intersection
body of L is the star body IL C R™ with radial function

pro(€) =vol,—1 (LNEH), gesmt
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Intersection bodies were first introduced by Lutwak in [10] in connection with the Busemann—Petty problem,
and they continue to be an active area of research. Now, the aforementioned theorem is as follows:

Theorem 1 (Minkowski—Funk Section Theorem). If K, L C R™ are origin-symmetric star bodies with [K =
IL, then K = L.

There are counter-examples for this result when K and L are not assumed to be origin-symmetric; see,
for instance, [3]. It is natural to look for conditions for unique determination which hold in the absence of
origin-symmetry.

Klee proposed such conditions in [8]. We will state Klee’s problem in terms of cross-section bodies, which
were introduced by Martini in [12]. Consider again a general convex body K C R™. The cross-section body
of K is the star body CK C R™ with

pok () = r?eaﬂgcvoln,l (K n{et + tf}) ’ cesnt,

It is obvious that TK C C'K, and by Brunn’s Theorem, /K = CK when K is origin-symmetric. In [11],
it was proven that /K = C'K only if K is origin-symmetric. Now, Klee asked whether CK = CL implies
K = L, for (not necessarily origin-symmetric) convex bodies K, L C R™. This question was only recently
proven in the negative in [4], where an explicit counter-example was constructed. Subsequently, [16] and
[17] gave alternative constructions.

In general, intersection and cross-section bodies are not convex bodies. Busemann’s Theorem implies that
for a convex body K, IK is convex when K is origin-symmetric. If K is not origin-symmetric, then I K is
not necessarily convex, nor is it necessary that CK is so when n > 3; see [2,13,1].

In [14], Meyer and Reisner introduced convex intersection bodies. Let K C R™ be a convex body. Let
g = g(K) € K be the centroid of K, and let K*¥ denote the polar body of K with respect to the point
y € int(K); that is,

K*y:{xeR"’(w—y,z—y)ﬁleEK}.

The convez intersection body of K is the (a priori) star body CI(K) C R™ with
pci(r)(§) = min {volnl {(K*g|§J‘)*y] ’y € int (K*g|£J‘)} , Eesn

where - |£1 is the orthogonal projection onto the hyperplane perpendicular to £. The main result in [14] is
that CI(K) is always a convex body.

Furthermore, when the centroid of K is at the origin, the relationship between CI(K) and I K parallels
that between /K and CK. Indeed, with the assumption g(K) = 0, it was proved in [14] that CI(K) C IK
and CI(K) = IK if and only if K is origin-symmetric.

Is a convex body uniquely determined, up to congruency, by its convex intersection body? If it is centrally-
symmetric, then yes, as follows from above. Recall that a convex body K is infinitely smooth if its radial
function is infinitely smooth on S™~!. We will say K is a convex or star body of rotation if its radial function
is rotationally symmetric about the xi-axis; i.e.

i (&) = pr(n) whenever &,mpe€S™ ! and (£e1) = (n,e1),
where e; is the unit vector in the direction of the positive x1-axis. We prove the following:

Theorem 2. Let n € N, n > 2. There are infinitely smooth convex bodies of rotation K, L C R™ such that
K is not centrally-symmetric, L is origin-symmetric, and CI(K) = CI(L).
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