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1. Introduction

The space of analytic functions on the open unit disk D in the complex plane C is denoted by H (D).
Every analytic selfmap ¢:ID — D of the unit disc induces a composition operator C, : H(D) — H (D), given
by C,f = f o . For general information of composition operators on classical spaces of analytic functions
the reader is referred to the excellent monographs by Cowen and MacCluer [7] and Shapiro [19]. Throughout
this paper we assume that ¢(0) = 0 and 0 < |¢'(0)| < 1, and study the Kénigs eigenfunction o € H(D) for
the operator Cy, : H(D) — H(ID). Recall that o is the unique solution to Schrider’s equation ooy = ¢'(0)o
under the additional assumption ¢’(0) = 1, and can be obtained as the limit of the sequence

©n
@'(0)n’

which converges to o uniformly on compact subsets of the unit disc as n — co. Here ¢,, denotes the n-fold

op =

composition ¢ o p o --- o0 . For further details on the Konigs eigenfunction, for example the fact that o is
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univalent if and only if the symbol ¢ is univalent, see chapter 6 in [19]. More generally, if u € H(D), we
consider a weighted composition operator uCy, : H(D) — H(D), defined by uCy,(f) = u- (f o ¢). Assuming
that u(0) # 0, the eigenvalues of the operator uC,, : H(D) — H(D) are given by {u(0)¢'(0)"}72,. Each
eigenvalue u(0)¢’(0)™ has multiplicity one with the function go™ spanning the corresponding eigenspace,
where g € H(D) is given by

n—1
U(n
g:= "h_>n;o gn, Where g, = u((O))” and u(y) = kl;[OU O Q.

Here the convergence is also uniform on compact subsets of . However, if the composition operator C,
A — A is restricted to some smaller space A C H(ID), then the function o might not necessarily be an
eigenfunction for C, since it might be that ¢ ¢ A. Therefore our main interest is to determine when o
belongs to different function spaces. The paper focuses on the connection between o being an element of
the function space at hand and spectral properties of the composition operator. Among the spaces we will
be interested in are the Bloch-type spaces B, and BY defined by

Bo = {f € HD) : ) =0, |Iflls, = supra ()7 ()] < +oof
B, = {feBu: Jim u(2)lf () =0},

where v,(2) = (1 — |2[*)® with @ > 0. The classical Bloch space B; is denoted by B and the little Bloch
space BY by By. The growth spaces H® and H? are defined by

H*

{FeHM) : Ifllax =swpo()|f()] < +oo}
zeD

H) = {femy: Im o@)f()] =0},

where the weight v : D — R is a continuous, strictly positive and bounded function which is also assumed to
be radial, v(z) = v(|2]), and non-increasing with respect to |z|. For the spectrum o 4(C,) of the composition
operator Cy, : A — A where A is any of the spaces H3°, HY) , B, or BY, one has [2] that:

{NeCiA S ralCo)} UTP (0"}, Coul(Cy) €
{NeCi N < realC)fulp O ),

Notice that the constant function 1 is not an eigenfunction for the Bloch type spaces as it does not lie in
the space.
Bourdon [5] succeeded in showing that

o€ H,, < |¢'0)]>rem (Cp), (1.1)

and the corresponding result is also true for the HP-spaces with p < oo [17]. The natural approach was thus
to start by investigating if the result

cgeA = |¢'(0)] > rea(Cy) (1.2)

also holds for the Bloch-type spaces. Since BY,, = H) for o > 0 and the corresponding norms are
equivalent, the result (1.1) of Bourdon gives that

S Bg+1 o€ H@?Q <~ “pl(oﬂ > re,H,‘}a (Ctp) = re,Bg+1(Ctp)u

so we have the following
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