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Given a function f defined on a closed subset E of a Riemann surface R, and given ¢ > 0, a natural
question is whether there exists a function f, meromorphic on R, such that d(f(p), fe(p)) <e¢, for all p € E|
for a given distance function d. If € is an arbitrary constant, we are speaking of uniform approximation,
whereas, if € = €(p) is an arbitrary positive continuous function, we call this tangential approximation.
The two most natural distance functions here are the Euclidean distance |- — - | and the chordal distance
X(+, ). If a function has no poles (respectively zeros) on E, we say that it is pole-free (respectively zero-free)
on E. If the approximating functions f. are pole-free (respectively zero-free) on FE, we call this pole-free
(respectively zero-free) approximation. Unless explicitly stated otherwise, all approximations will be by
meromorphic functions (equivalently, holomorphic mappings R — C). We shall consider eight types of

meromorphic approximation:
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o pole-free Euclidean uniform (respectively tangential) approximation,
o spherically uniform (respectively tangential) approximation,

o pole-free spherically uniform (respectively tangential) approximation,
o zero-free Euclidean uniform (respectively tangential) approximation.

Our main concern is with pole-free spherically tangential approximation, but we also discuss the other types
of approximation, to situate our investigation in the general context of meromorphic approximation.

Spherical rational approximation on compact subsets of the plane was studied in [21] by Roth, Walsh and
the first author. That paper concluded with a promise and two open problems. The promise was to consider
in a later paper, spherical meromorphic approximation on closed sets. One open problem was to replace
subsets of the plane by subsets of a Riemann surface. The other open problem was to ask whether we can
spherically approximate a function f on a subset E by meromorphic functions pole-free on F, provided f is
pole-free on E°. The present paper finally addresses this promise and these open problems with a 39 year
delay.

We thank Petr Paramonov for a helpful conversation regarding Vitushkin’s work.

1. Pole-free Euclidean uniform and tangential approximation

Denote by C the Riemann sphere C U {co}. For a compact subset K C C, the theory of rational ap-
proximation studies the class R(K) of functions on K, which are uniform Euclidean limits on K of rational
functions which are pole-free on K.

In this section we present extensions to Riemann surfaces of classical results on rational approximation.
Some of these extensions are known, but since we shall need them in subsequent sections and since they are
sometimes difficult to find in the literature and notations and terminology are different in various sources,
we present them here using our notation and terminology, for the convenience of the reader.

If F is a closed subset of a Riemann surface R, we denote by M(FE) the space of functions F — C,
which are Euclidean uniform limits of functions meromorphic on R, which are pole-free on E. The subject
of uniform approximation by such pole-free functions has been studied extensively, although many problems
remain open.

We recall (see for example [19]) that every open Riemann surface admits a Cauchy kernel C(p, q), that
is, a meromorphic function on R x R, whose only singularities are poles along the diagonal, such that, for
some holomorphic function H on R x R and every point py € R, there is a parametric disc p : Dy — A,
where A is the unit disc in C, such that, writing (p X p)(p, q) = (z,w),

C(p,q) =

—— +H((pxp)7'(2w)), (p,q) € Do x Do.

A Bordered Riemann surface R is a connected Hausdorff space S, with an open covering {U;} of S and
corresponding homeomorphisms h;, h; : U; — V; = h;(U;) where V; is a relatively open subset of the closed
upper half-plane. Also whenever U; N U; # (), the composition h; o hj_1 is a conformal homeomorphism of
the open set h](Uz N UJ) on to hl(UZ n Uj)

Definition 1.1. A subset C of a Riemann surface R is called a 1-dimensional (real) sub-manifold if every
p € C has an open neighbourhood N which can be mapped homeomorphically onto |z| < 1 such that the
intersection N N C' corresponds to the real interval (—1,41).

Definition 1.2. A region 2 in a Riemann surface R is regularly embedded if 0f2 is a 1-dimensional sub-
manifold and 92 = 9(R\ Q) and in this case we say that € is a closed regularly embedded region. It is easy
to see (cf. [1]) that © is a bordered surface whose border b§) coincides with its boundary 9. By a Jordan
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