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For an ideal I on ω, we introduce the notions of I-invariant and bi-I-invariant 
injections from ω to ω. We study injections that are invariant with respect to selected 
classes of ideals. We show some applications to ideal convergence.
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1. Introduction

Let ω := {0, 1, . . . }, Z stands for the set of all integers, and id is the identity function on ω. By an ideal 
I on ω we mean an ideal of subsets of ω such that ω /∈ I and {n} ∈ I for all n ∈ ω. If I is an ideal on ω
then I� denotes its dual filter {ω \ A : A ∈ I}. Several examples of ideals on ω were considered in [8] (see 
also [16,18] and [14]). The ideal of all finite subsets of ω is denoted by Fin.

Through the paper, we will work with injections from ω to ω. The set of all such injections will be 
denoted by Inj. Fix an ideal I on ω and let f ∈ Inj. We say that f is I-invariant if f [A] ∈ I for all A ∈ I. 
We say that f−1 is I-invariant if f−1[A] ∈ I for all A ∈ I. If f and f−1 are I-invariant then f is called 
bi-I-invariant. Note that every f ∈ Inj is bi-Fin-invariant.

We start from easy facts and simple examples.

Fact 1. Let I be an ideal on ω and let f ∈ Inj.

(i) f−1 is I-invariant if and only if f [A] /∈ I for every A /∈ I.
(ii) If f [ω] ∈ I then f is I-invariant and it is not bi-I-invariant.
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Proof. (i) “⇒” Let A /∈ I and suppose that f [A] ∈ I. Then A = f−1[f [A]] ∈ I, a contradiction.
“⇐” Assume that f [A] /∈ I for every A /∈ I. Suppose that f−1 is not I-invariant. Hence f−1[B] /∈ I for 

some B ∈ I. Then B ⊇ f [f−1[B] /∈ I, a contradiction.
(ii) The first part is obvious, and the second part follows from f−1[f [ω]] = ω /∈ I. �
To show an example based on Fact 1(ii), recall the definition of the classical density ideal Id. For a set 

A ⊆ ω, consider the following numbers

d(A) := lim inf
n→∞

|A ∩ {0, . . . , n− 1}|
n

, d(A) := lim sup
n→∞

|A ∩ {0, . . . , n− 1}|
n

.

If d(A) = d(A), we denote this common value by d(A) and call the asymptotic density of A. Then define 
Id := {A ⊆ ω : d(A) = 0}.

Note that every increasing injection is Id-invariant. In particular, f(n) := n2 is Id-invariant. Moreover, 
in this case f [ω] ∈ Id. Hence f is not bi-Id-invariant by Fact 1(ii).

The next example shows an ideal I on ω and a bijection f from ω onto ω which is I-invariant but f−1

is not so. If k, l ∈ ω and k > 0, we denote kω + l := {kn + l : n ∈ ω}.

Example 2. Let f : ω → ω be given by the formulas: f(2n) := 4n, f(4n + 1) = 4n + 2, f(4n + 3) := 2n + 1
for n ∈ ω. Then f is a bijection. Consider the ideal I defined as follows

I := {A ∪B : A ∈ Fin, B ⊆ 2ω}.

Clearly, f is I-invariant. Note that 4ω + 1 /∈ I but f [4ω + 1] ∈ I. Let B := f [4ω + 1]. Then B ∈ I and 
f−1[B] /∈ I. �

An ideal I on ω is called tall if every infinite subset of ω contains an infinite set belonging to I (see [8]). 
Note that the ideal in the Example 2 is not tall. The respective example with a tall ideal will be presented 
in Section 4.

For f : ω → ω let Fix(f) := {n ∈ ω : f(n) = n}. The following fact is obvious.

Fact 3. Let I be an ideal on ω and f ∈ Inj. If Fix(f) ∈ I� then f is bi-I-invariant.

The purpose of our paper is to describe I-invariant and bi-I-invariant injections for selected classes of 
ideals. In some cases, we also study topological features of the sets of such injections. It is easy to see 
that Inj is a Gδ subset of the Baire space ωω (cf. [24, p. 66]), so it is a Polish space, by the Alexandrov 
theorem. Sets of the form {f ∈ Inj : f(ki) = li for i = 1, . . . , p} constitute a base of the topology in Inj. 
We are interested in the Baire category and levels of the Borel hierarchy for the sets of I-invariant and 
bi-I-invariant injections in the space Inj.

Proposition 4. The set {f ∈ Inj : ω \ Fix(f) ∈ Fin} is dense in Inj. In particular, the set {f ∈ Inj : f is 
bi-I-invariant} is dense in Inj for every ideal I containing all singletons. Moreover, if I contains infinite 
sets and all singletons, the set {f ∈ Inj : f is not I-invariant} is dense in Inj as well.

Proof. Let V := {f ∈ Inj : f(ki) = li for i = 1, . . . , p} be a basic set. To prove the first assertion, define 
g : ω → ω as follows. Pick n ∈ ω such that ki ≤ n and li ≤ n for i = 1, . . . , p. Put g(ki) := li for i = 1, . . . , p
and extend g on {0, . . . , n} to be a bijection of this set onto itself. Finally put g(k) := k for k > n. Then 
g ∈ V and ω \ Fix(g) ∈ Fin. Next use Fact 3.

To prove the second assertion, fix distinct k1, . . . , kp ∈ ω and distinct l1, . . . , lp ∈ ω. Set B :=
{k1, . . . , kp, l1, . . . lp} and consider a bijection h from B onto itself that h1(ki) = li for i ∈ {1, . . . , p}. 
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