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Let H be a Hilbert space, L(H) the algebra of bounded linear operators on H and 
W ∈ L(H) a positive operator such that W 1/2 is in the p-Schatten class, for some 
1 ≤ p < ∞. Given A ∈ L(H) with closed range and B ∈ L(H), we study the 
following weighted approximation problem: analyze the existence of

min
X∈L(H)

‖AX −B‖p,W ,

where ‖X‖p,W = ‖W 1/2X‖p. In this paper we prove that the existence of this 
minimum is equivalent to a compatibility condition between R(B) and R(A)
involving the weight W , and we characterize the operators which minimize this 
problem as W -inverses of A in R(B).

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

One problem of interest in Signal and Image Processing is to find low dimensional models that approx-
imate, in some sense, given data [11,16]. In particular many of these problems can be posed as follows: 
given a matrix B ∈ C

n×n, with rank(B) ≥ k, for k ∈ N satisfying k < n, find a matrix Y0 ∈ C
n×n with 

rank(Y0) = k such that,

Y0 = argmin
{Y ∈Cn×n: rank(Y )=k}

f(Y −B),

for some cost function f : Cn×n → R. Due to its intractability, usually this problem is studied by relaxating 
the constraint on the rank of Y , which under certain conditions, turns out to be an exact relaxation. For 
this, the factorization Y = AX is used, with A ∈ C

n×k, X ∈ C
k×n. Assume that the cost function is given 

by the Frobenius norm ‖ · ‖F , now we are interested in the following problem:
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Y0 = argmin
{X∈Ck×n, A∈Cn×k}

‖AX −B‖F . (1.1)

In fact, suppose that A0 ∈ C
n×k, X0 ∈ C

k×n satisfy

‖A0X0 −B‖F = min
{X∈Ck×n, A∈Cn×k}

‖AX −B‖F , (1.2)

then,

‖A0X0 −B‖F = min
X∈Ck×n

‖A0X −B‖F . (1.3)

If a (positive) weight is introduced in equation (1.3), or if the Frobenius norm is replaced by another 
unitary invariant norm, the same problem can be studied.

This work is devoted to study an extension of problem (1.3) in abstract Hilbert spaces. More specifically, 
we study the following approximation problem. Given A ∈ L(H) with closed range, B ∈ L(H) and W ∈ L(H)
a positive operator, we analyze the conditions for the existence of

min
X∈L(H)

‖W 1/2(AX −B)‖p, (1.4)

for 1 ≤ p < ∞, where ‖ · ‖p is the p-Schatten norm.
There are several examples of these minimization problems in Control Theory and Signal Processing 

[12,29]. Similar problems also arise in Quantum Chemistry, for example in the orthogonalization process of 
Löwdin [2,21], or in the approximation of the Hamiltonian operator [17,18,23].

The existence of minimum of ‖AX − B‖p in Hilbert spaces, was studied in [22] using differentiation 
techniques and also in [15], where a connection between p-Schatten norms and the order in L(H)+ (the cone 
of semidefinite positive operators) is established. However, the introduction of a weight W ∈ L(H)+ plays 
an important role, since we are introducing on H a semi-inner product associated to W for which H is no 
longer a Hilbert space, unless W is invertible. In this case, the existence of a suitable orthogonal projection 
is not guaranteed. In fact the existence of a W -orthogonal projection onto R(A) depends on the relationship 
between the weight W and the closed subspace R(A).

The notion of compatibility, defined in [8] and developed later in [6,9,10], has its origin in the work of 
Z. Pasternak-Winiarski [26]. In that work the author studied, for a fixed subspace S, the analyticity of the 
map W → PW,S which associates to each positive invertible operator W the orthogonal projection onto 
S under the (equivalent) inner product 〈x, y 〉W = 〈Wx, y 〉, for x, y ∈ H. The notion of compatibility 
appears when W is allowed to be any positive semidefinite operator, not necessarily invertible (and even, 
a selfadjoint bounded linear operator). More precisely, W and S are said to be compatible if there exists 
a (bounded linear) projection Q with range S which satisfies WQ = Q∗W . If W is positive and invertible 
or H has finite dimension, there exists a unique projection onto S which is W -selfadjoint [8]. In general, it 
may happen that there is no such Q or that there is an infinite number of them. However, there exists an 
angle condition between S⊥ and W (S) which determines the existence of these projections [13]. In fact, the 
existence of such projections is related with the existence of minimum of equation (1.4).

The contents of the paper are the following. In section 2, some characterizations of the compatibility of the 
pair (W, R(A)) are given. Also some properties of shorted operators and compressions and its connection 
with compatibility are stated. Finally, the concept of W -inverses of an operator A in the range of an 
operator B, and some properties are presented.

For the sake of simplicity, in section 3, we study problem (1.4) when B = I. We prove that the infimum 
of the set {(AX − I)∗W (AX − I) : X ∈ L(H)} (where the order is the one induced by the cone of positive 
operators), always exists and is equal to W/R(A), the shorted operator of W to R(A). We also prove that 
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