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1. Introduction

For a proper subdomain G of R™ and z1, 22 € (G, the distance ratio metric jg is defined by

|21 — 22|

min{ég(21)7 (5G(22)} ) ’

where 0¢(z1) denotes the Euclidean distance from z; to the boundary 0G of G. We remark that the above

Jja(z1, z2) = log (1 +

form of jg, introduced in [10], is obtained by a slight modification of a metric that was studied in [2,3].
For a rectifiable arc or a path v in G, its quasthyperbolic length of 7 in G is the number:
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The quasihyperbolic metric kg (21, 22) between z; and z» is defined by
ka(z1,22) = inf{ly. (7)},

where the infimum is taken over all rectifiable arcs v joining z; and z in G. It is well-known that for z;
and ze € G, we have kg(z1, 22) > ja(z1, 22) (cf. [3]).

The class of uniform domains was introduced by Martio and Sarvas in 1979 [6]. The precise definition is
as follows.

Definition 1.1. Given ¢ > 1, a domain G in R" is called c-uniform provided that each pair of points z1, 29
in G can be joined by a rectifiable arc v in G satisfying

(1) min{€(vy[z1, 2]), £(7[22, 2])} < ¢ da(z) for all z € ~;
(2) £(y) < c|z1 — 22,

where /() denotes the length of v and 7[z;, 2] stands for the part of v between z; and z. An arc v with
the above properties is called a double c-cone arc. A domain is called uniform if it is c-uniform for some
constant ¢ > 1.

The following convenient characterization of uniform domains, by means of the quasihyperbolic and
distance ratio metrics, was given by Gehring and Osgood [2]: a proper subdomain G of R™ is uniform if and
only if there exists a constant u > 1, depending only on ¢, such that for all z; and z3 in G,

ka(z1,22) < pjc(z1, 22).

We remark that the above characterization is again slightly different from the one given in [2], as the
original result had an additive constant on the right hand side. Later, it was shown by Vuorinen [10] that
this constant is not necessary. Motivated by this observation, Vuorinen [10] gave the following more general
definition of p-uniform domains:

Definition 1.2. Let ¢: [0,00) — [0,00) be a homeomorphism. A domain G C R" is said to be @-uniform if
for all z1, 20 € G,

|21 — 22| )

<
k(e 22) < “D(mm 5c(21),0c(22)

Obviously, uniformity implies ¢-uniformity with ¢(t) = plog(1+t) for ¢ > 0 with p > 1. Tt is easy to see
that the converse is not true.

Interesting results on the above classes of domains have been obtained by Véisild [7] (see also [8]). In
particular, he observed that the class of p-uniform domains coincides with the class of uniform domains if
p is a slow function, i.e.,

Recently, the geometric properties of this class of domains have been investigated in [4]. The stability of
-uniform domains has been established [5].

Definition 1.3. A homeomorphism f: R™ — R" is said to be n-quasi-symmetric if there is a homeomorphism
7 :[0,00) = [0,00) such that

|z —al < tlz —b| implies [f(z) — f(a)| < n(t)[f(x) — f(b)|

for each ¢t > 0 and for all points x, a and b in R™.
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