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In this paper we consider a one dimensional mathematical model for a mono-species 
forest growth in an infinite domain. Following [15] we assume that the system 
can be described by the evolution of the young and old tree density and by the 
seed concentration. The mathematical formulation consists in a system of ODE’s 
which we study analytically proving global existence and uniqueness. We discuss in 
some detail the stationary solutions and we perform some numerical simulations to 
illustrate the behavior of the solution.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Conservation of forest resources is one of the most challenging problems in ecology and environmental 
science. The knowledge of forest dynamics is of crucial importance for maintaining the ecological integrity 
of forest ecosystem and for preserving biodiversity.

The fundamental issue in these problems is to predict the variation of tree density and age caused by 
internal and external factors. Various mathematical models have been proposed in the last decades. These 
works encompass individual-based models in a specific forest plot [3], individual-based space continuous 
models [10,9] and age-structured continuous space models [1,2,8].

The latter are of particular interest, as they take into account seed dispersion mechanisms and age 
dependent tree relationships. If we consider a mono-species forest, then the local dynamics can be described 
using a division of trees in two age classes, as in [8]. In this case the ecosystem is modeled describing the 
evolution of the “young” and “old” trees and assuming that the regeneration mechanism is governed by seed 
production, diffusion and establishment rate.

In [4–6] the authors solved the mono-species two-age classes problem in a 2D bounded domain with 
homogeneous Neumann boundary conditions. In particular they proved the existence of global solutions 
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and investigated stability and instability for homogeneous stationary solutions. In [11–13] the same problem 
is considered for Dirichlet boundary conditions. In [14] the problem of the forest boundary is discussed. In 
[15] a modified model equation is introduced to get stationary solutions with compact support.

In this paper we consider the 1D version of the model presented in [15], assuming that the spatial 
domain of the problem is unbounded and that the seed concentration vanishes at infinity. Following [15]
we initially consider a model in which the seed production rate is proportional to density of old trees. 
Under this assumption we determine a unique stationary solution with compact support and we perform 
some numerical simulations showing that such a solution is unstable. In particular we show that the model 
admits solutions in which the growth of the forest is unbounded, a clearly unrealistic result.

Motivated by this fact, we modify the model assuming that the effective seed production rate due to 
old trees is actually bounded, in the sense that it reaches a sort of “saturation” level when the density 
of old trees exceeds a certain value (crowding effect). The modified problem provides a unique bounded 
stationary solution with compact support and the system now does not admit unbounded solutions, as 
shown in numerical simulations.

2. The mathematical model

Following [15], we consider the one dimensional initial-boundary value problem

⎧⎪⎨
⎪⎩

ut = βδ(w − w∗)+ − γu− fu,

vt = fu− hv,

wt = dwxx − βw + αv+

(1)

with x ∈ R and t > 0. In (1) u(x, t) denotes the density of young trees, v(x, t) the density of old trees and 
w(x, t) the density of seeds. The density w∗ > 0 represents a threshold for the seeds concentration below 
which birth of new trees does not occur (the sign + stands for the positive part). The dimensions of u, v, 
w are the inverse of a length. The set of equations (1) describes the evolution of the system with

• α seed production rate;
• β seed deposition rate;
• γ mortality rate of young trees (this may depend on the concentration of old trees);
• δ ∈ (0, 1] seed establishment parameter;
• f aging rate of young trees;
• h mortality rate of old trees;
• d diffusivity of seeds.

Problem (1) must be coupled with the initial condition for u, v, w

u(x, 0) = uo(x) ≥ 0, v(x, 0) = vo(x) ≥ 0, (2)

w(x, 0) = wo(x) ≥ 0, x ∈ R, (3)

with

0 < supp (uo + v0) = L < ∞,

and with the boundary conditions for w

0 � w(±∞, t) = W, t ≥ 0. (4)
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