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Let λ > 0 and �λ := − d2

dx2 − 2λ
x

d
dx

be the Bessel operator on R+ := (0, ∞). The 
authors show that the oscillation operator O(P [λ]

∗ ) and variation operator Vρ(P [λ]
∗ )

of the Poisson semigroup {P [λ]
t }t>0 associated with Δλ are both bounded on 

Lp(R+, dmλ) for p ∈ (1, ∞), BMO(R+, dmλ), from L1(R+, dmλ) to L1,∞(R+, dmλ), 
and from H1(R+, dmλ) to L1(R+, dmλ), where ρ ∈ (2, ∞) and dmλ(x) := x2λ dx. As 
an application, an equivalent characterization of H1(R+, dmλ) in terms of Vρ(P [λ]

∗ ) is 
also established. All these results hold if {P [λ]

t }t>0 is replaced by the heat semigroup 
{W [λ]

t }t>0.
© 2016 Elsevier Inc. All rights reserved.

1. Introduction and statement of main results

Let (X , μ) be a measure space and T∗ := {Tε}ε>0 a family of operators bounded on Lp(X , μ) for p ∈ (1, ∞)
such that limε→0 Tεf exists in some sense. A classical way to measure the speed of convergence of {Tε}ε>0 is 
to study square functions of the type (

∑∞
i=1 |Tεif − Tεi+1f |2)1/2, where εi → 0. Recently, other expressions 

have been considered, among which are the ρ-variation and the oscillation operators; see, for instance, [7–11,
14,15,17,18,20]. Recall that variation operator Vρ(T∗f) is defined by

Vρ(T∗f)(x) := sup
εi↘0

( ∞∑
i=1

|Tεi+1f(x) − Tεif(x)|ρ
)1/ρ

, (1.1)

where the supremum is taken over all sequences {εi} decreasing to zero. The oscillation operator O(T∗f)
can be introduced as
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O(T∗f)(x) :=
( ∞∑

i=1
sup

εi+1≤ti+1<ti≤εi

|Tti+1f(x) − Ttif(x)|2
)1/2

(1.2)

with {εi} being a fixed sequence decreasing to zero.
The Lp-boundedness of these operators were studied by Bourgain [8] for p = 2 and by Jones et al. [19]

for p ∈ [1, ∞) in the context of ergodic theory. Since then, in harmonic analysis, the study of boundedness 
of oscillation and variation operators associated with semigroups of operators and families of truncations of 
singular integrals have been paid more and more attention. In particular, Campbell et al. [10] first estab-
lished the strong (p, p)-boundedness in the range 1 < p < ∞ and the weak type (1, 1)-boundedness of the 
oscillation operator and the ρ-variation operator for the Hilbert transform. Subsequently, in [11], Campbell 
et al. further extended the results in [10] to the higher dimensional cases including Riesz transforms and 
general singular integrals with rough homogeneous kernels in Rd. On the other hand, Jones and Reinhold 
[18] obtained the Lp-boundedness properties for p ≥ 1 of the oscillation and variation operators associated 
with the symmetric diffusion semigroup (see Lemma 2.2). Crescimbeni et al. [14] subsequently established 
weighted variation inequalities of heat semigroup and Poisson semigroup associated to Laplacian and Her-
mite operator. For more results on oscillation and variation operators, we refer the readers to [7,9,15,20,22,
27] and the references therein.

Let λ be a positive constant and �λ be the Bessel operator which is defined by setting, for all suitable 
functions f on R+ := (0, ∞),

�λf(x) := − d2

dx2 f(x) − 2λ
x

d

dx
f(x).

An early work concerning the Bessel operator goes back to Muckenhoupt and Stein [23]. They developed 
a theory associated to �λ which is parallel to the classical one associated to the Laplace operator �. 
Since then, a lot of work concerning the Bessel operators was carried out; see, for example [1,2,4–6,16,
21,25,26]. In particular, Betancor et al. in [3] established the characterizations of the atomic Hardy space 
H1((0, ∞), dmλ) associated to �λ in terms of the Riesz transform and the radial maximal function related 
to a class of functions including the Poisson semigroup {P [λ]

t }t>0 and the heat semigroup {W [λ]
t }t>0 as 

special cases, where dmλ(x) := x2λ dx and dx is the Lebesgue measure.
The aim of this paper is to prove the Lp(R+, dmλ)-boundedness and their endpoint estimates of the 

oscillation and variation operators for {P [λ]
t }t>0 and {W [λ]

t }t>0, respectively. To this end, we recall some 
necessary notation.

Let P [λ]
∗ := {P [λ]

t }t>0 be a family of Poisson semigroup operators defined by

P
[λ]
t f(x) := e−t

√
�λf(x) =

∞∫
0

P
[λ]
t (x, y)f(y) y2λdy ,

where Jν is the Bessel function of the first kind of order ν with ν ∈ (−1/2, ∞) and

P
[λ]
t (x, y) =

∞∫
0

e−tz(xz)−λ+1/2Jλ−1/2(xz)(yz)−λ+1/2Jλ−1/2(yz) dmλ(z)

= 2λt
π

π∫
0

(sin θ)2λ−1

(x2 + y2 + t2 − 2xy cos θ)λ+1 dθ, t, x, y ∈ (0, ∞); (1.3)

see [3].
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