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In a setting, where only “exit measures” are given, as they are associated with an 
arbitrary right continuous strong Markov process on a separable metric space, we 
provide simple criteria for the validity of Harnack inequalities for positive harmonic 
functions. These inequalities are scaling invariant with respect to a metric on the 
state space which, having an associated Green function, may be adapted to the 
special situation. In many cases, this also implies continuity of harmonic functions 
and Hölder continuity of bounded harmonic functions. The results apply to large 
classes of Lévy (and similar) processes.

© 2016 Elsevier Inc. All rights reserved.

1. Overview

The study of Harnack inequalities for positive functions which are harmonic with respect to rather general 
partial differential operators of second order, diffusions respectively, has a long history (see [17] and the 
references therein). Fairly recently, during the last 15 years, Harnack inequalities have been investigated for 
harmonic functions with respect to various classes of discontinuous Markov processes, integro-differential 
operators respectively (see [1,2,7,9,14,18–24,26–29]).

The aim of this paper is to offer a very general analytic approach to scaling invariant Harnack inequalities 
for positive universally measurable functions on a separable metric space X which are harmonic with respect 
to given “harmonic measures” μU

x (not charging U), x ∈ U , U open in X (see (2.6)). For V ⊂ U the 
corresponding measures are supposed to be compatible in a way which is obvious for exit distributions of 
right continuous strong Markov processes and harmonic measures on balayage spaces (see Examples 2.1). 
An additional ingredient we shall need is a “quasi-capacity” on X having suitable scaling properties such 
that an estimate of Krylov–Safonov type holds (see (3.3)).

Then a certain property (HJ) of the measures μU
x , which in Examples 2.1 trivially holds for diffusions 

and harmonic spaces, is necessary and sufficient for the validity of scaling invariant Harnack inequalities 
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(Theorem 3.3). For Lévy processes it is easy to specify simple properties of the Lévy measure which imply 
(HJ) for the exit distributions (see, for example, Lemma 5.1).

In Section 4, we discuss properties of an associated “Green function” which allow us to prove a Krylov–
Safonov estimate for the corresponding capacity. This leads to Theorem 4.10 and, using recent results on 
Hölder continuity from [12], to Theorem 4.12 on (Hölder) continuity of harmonic functions.

After a first application to Lévy processes (Theorem 5.2) we discuss consequences of an estimate of 
Ikeda–Watanabe type (Theorems 6.2 and 6.3).

In a final Section 7, we indicate how a Green function satisfying (only) a weak 3G-property leads to 
Harnack inequalities which are scaling invariant with respect to an intrinsically defined metric.

2. Harmonic measures and harmonic functions

Let (X, ρ) be a separable metric space. In fact, the separability will only be used to ensure that finite 
measures μ on its σ-algebra B(X) of Borel subsets satisfy

μ(A) = sup{μ(F ) : F closed, F ⊂ A}, A ∈ B(X) (2.1)

(recall that every finite measure on the completion of X is tight).
For every open set Y in X, let U(Y ) denote the set of all open sets U such that the closure U of U is 

contained in Y . Given a set F of numerical functions on X, let Fb, F+ be the set of all functions in F which 
are bounded, positive respectively. Let M(X) denote the set of all finite measures on (X, B(X)) (which we 
also consider as measures on the σ-algebra B∗(X) of all universally measurable sets). For every μ ∈ M(X), 
let ‖μ‖ denote the total mass μ(X).

For sufficient flexibility in applications, we consider harmonic measures only for open sets which are 
contained in a given open set X0 of X. More precisely, we suppose that we have measures μU

x ∈ M(X), 
x ∈ X, U ∈ U(X0), such that the following hold for all x ∈ X and U, V ∈ U(X0) (where εx is the Dirac 
measure at x):

(M0) The measure μU
x is supported by U c, and ‖μU

x ‖ ≤ 1. If x ∈ U c, then μU
x = εx.

(M1) The functions y �→ μU
y (E), E ∈ B(X), are universally measurable on X and

μU
x = (μV

x )U :=
∫

μU
y dμV

x (y), if V ⊂ U. (2.2)

Of course, stochastic processes and potential theory abundantly provide examples (with X0 = X).

Examples 2.1. 1. Right process X with strong Markov property on a Radon space X and

μU
x (E) := P

x[XτU ∈ E], E ∈ B(X),

where τU := inf{t ≥ 0: Xt ∈ U c} ([4, Propositions 1.6.5 and 1.7.11, Theorem 1.8.5]).
If U, V ∈ U(X0) with V ⊂ U , then τU = τV + τU ◦ θτV , and hence, by the strong Markov property, for all 

x ∈ X and E ∈ B(X),

μU
x (E) = P

x[XτU ∈ E] = E
x
(
P
XτV [XτU ∈ E]

)
=

∫
μU
y (E) dμV

x (y).

2. Balayage space (X, W) (see [5,10]) such that 1 ∈ W,∫
v dμU

x = RUc

v (x) := inf{w(x) : w ∈ W, w ≥ v on U c}, v ∈ W.
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