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1. Introduction and statement of results

A random polynomial is a polynomial whose coefficients are given according to some probability distri-
bution. As the coefficients are random variables, it is of interest to see how the zeros of the polynomial
are distributed. The problem of characterizing the distribution of zeros of random polynomials has a long
history. It started in 1932 with the work of Bloch and Pdlya [5]. However, Kac [14,15] was the first to study,
in 1943, the distribution of the real zeros of a random polynomial whose coefficients are real standard nor-
mal independent random variables and to obtain an explicit formula for the expected value of the number
of its zeros in any measurable subset of the reals. Following Kac’s initial investigation, the distribution
of the number of real zeros of random polynomials was studied by several authors, and in particular the
expected number of real zeros was considered for several different distributions besides the normal law for
the coefficients. (See [4,7-10,16] and [18] and the references therein.)

In 1995 Shepp and Vanderbei [20] developed a remarkable method based on Cauchy’s argument principle
for extending Kac’s result and derived explicit formulas for the expected number of complex zeros in any
measurable subset of the complex plane, when the coeflicients are real standard normal independent random
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variables. They produced compelling computer plots of the intensity functions and hundreds of thousands
of zeros from randomly generated polynomials, using an innovative robust zero-finding numerical algorithm,
that show that, as the degrees of the random polynomials become large, the zeros tend to lie very close to
the unit circle and, what is first noticeable when the real zeros are ignored, appear to be approximately
uniformly distributed around the circle. In addition, the asymptotics of the intensity functions confirm the
classical result due to Hammersley [11].

In 1997 Ibragimov and Zeitouni [13] employed a different method to obtain the results in [20]. Fur-
thermore, they demonstrated the limiting distributions of the intensity functions under more general
distributional assumptions.

Recently, research in random polynomials have branched off in a number of directions. For example, the
zeros of many ensembles of random polynomials have been found to be asymptotically equidistributed near
the unit circumference. In 2015 Pritsker and Yeager [19] derived quantitative estimates for such equidistri-
bution in terms of the expected discrepancy of a certain zero counting measure and the expected number
of zeros in various subsets of the complex plane. To be precise, they studied random polynomials whose
coeflicients may be dependent and need not have identical distributions.

Also in 2015 Vanderbei [23] introduced a modest generalization to the central assumptions underlying the
results in [20] and showed that comparable explicit formulas for the distribution of the zeros in the complex
plane can still be obtained for any value of the degree of the random polynomial. He pointed out that, for
many years now, most authors establish certain properties of the zeros under very general distributional
assumptions. Hence, the cost for that generality is that most results only hold asymptotically as the degree
of the random polynomial tends to infinity.

Vanderbei’s result can be summarized as follows: Let

S(2) =D mifi(2),
=0

where z is the complex variable x + iy, {n; }?:0 is a sequence of real standard normal independent random
variables defined on a probability space (Q, o/, Pr), and {fj}?:o is a sequence of given analytic functions
that are real-valued on the real number line. Let A be a measurable subset of the complex plane, and denote
by v (A) the number of complex zeros in A of S,,. Let, further,
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and define

Do(2) = V/Bo(2)? — |Ao(2)]?

and

El(Z) = \/Ao(Z)AQ(Z) — A1(2)2.

For any measurable region A in the complex plane and for each integer n > 1,
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