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1. Introduction

For Re (z) > 0 the classical Euler’s gamma function I and psi (digamma) function 1) are defined by

i I (2)
T(z)= [t e tat = 1.1
()= [t v = 1 (11)
0
respectively. The derivatives ¢/, "/, ¢ ... are known as polygamma functions. For InT (z2), Binet has
established the first formula
1 1 (1 1 1\e*
InT (2) = <z - 5) Inz—z+ §ln(27r) +/ (et——l 7 + 5) ert, Re(z) >0 (1.2)
0

(see [17, p. 21, Eq. (5)]).
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Bernoulli polynomials By, () and Euler polynomials Fy, (z) are defined by

tet = B, (),
- = 2‘6 Sttt <2, (1.3)
2e™t = B, (z)

= " t < 1.4
X B e (L4

respectively. The Bernoulli numbers B,, are denoted by B,, = B,, (0), while the Euler numbers are defined
by E) = 2FE), (1/2). Tt is known that for n € N,

Bont1 =0 and Ba, = (—1)""" |Ba,|,
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And, the first few nonzero values are

By=1, Bi=—% B:=1% Bi=—3, Bs=

Ey =1 E2:—17 E4=57 Eg = —61

(see [1, p. 804, Chapter 23]).
By the exponential generating functions (1.3) and (1.4) it is easy to deduce the following Taylor series
expansions with radii of convergence R of hyperbolic functions [1, p. 804, Eq. (4.5.64), (4.5.65), (4.5.67)]:

cotht = i QQ;?Q'k Pt (R=m), (L.7)
k=0 (2k)!
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= — - = 1.
sinh ¢ kz:;] (2k)! t (R=m), (18)
o 22k (22k _ 1) BZk T
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cosht ];) (2k)! (R 2) (1.10)

In 1975, Slavié [35] proposed an integral representation of the function z — I' (x + 1) /T (x + 1/2), that

is,

(il n o (1-272%) By an no92k(92k _1)Byy, ., B
p(igfi/)g) = Vzexp LZIW +fooo (% - %t% 2) etz qy| . (1.11)

Then he claimed that “Since the sign of the sub-integral value and the sign for (—1)" are equal, the following
inequality is valid

m (1 _9-2k) B A1 (1 92 B
\/Eexpz( ) 2k I'(z+1) <\/§expz ( ) 2k
k=1 k=1

@k — 1) a1 " T(a+1/2) 2k — 1) a1

(1.12)

where m and [ are natural numbers and « > 07. Slavi¢’s result has been cited or mentioned by several
papers, such as [2,3,19,4,28].
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