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This paper investigates the problem for limit cycle bifurcations of system ẋ =
yF (x, y) + εp(x, y), ẏ = −xF (x, y) + εq(x, y), where F (x, y) consists of multiple 
circles and p(x, y), q(x, y) are polynomials of degree n. The upper bound for the 
maximal number of limit cycles emerging from the period annulus surrounding the 
origin is provided in terms of n and the involved multiplicities of circles by using 
the first order Melnikov function. Furthermore, Hopf bifurcation for a cubic system 
of this type is discussed.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction and main results

Consider a system of the form

ẋ = yF (x, y) + ε
n∑

i+j=0
aijx

iyj , ẏ = −xF (x, y) + ε
n∑

i+j=0
bijx

iyj , (1.1)

where ε > 0 is a small parameter, (aij , bij) ∈ D ⊂ R
(n+1)(n+2) and F (x, y) is a polynomial in (x, y) with 

D bounded and F (0, 0) �= 0. Clearly, the set {(x, y) | F (x, y) = 0} is an invariant set of (1.1)|ε=0, which is 
formed by singular points. And, system (1.1)|ε=0 has a family of periodic orbits given by

Lr : x2 + y2 = r2, r ∈ (0, ρ), ρ = min{
√

x2 + y2 | F (x, y) = 0},

which forms a region called a period annulus denoted by A surrounding the origin. Then, the Poincaré map 
or return map corresponding to (1.1) can be expressed as
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P(r, ε) = r +
∑
i≥1

Mi(r)εi, r ∈ (0, ρ), (1.2)

where Mi(r), called the ith order Melnikov function, is analytic on (0, ρ). The solution of (1.1) starting 
from (r, 0) is a periodic orbit if and only if P(r, ε) = r, r ∈ (0, ρ). By the implicit function theorem, one 
can investigate the simple zeros of the first non-zero Mi(r) to find the number of limit cycles bifurcating 
from A, where a limit cycle means an isolated periodic orbit.

From [9,10,1,3,4,6,13,2,11,5,12,7,8], it is well known that

M(r2) := M1(r) =
∮
Lr

n∑
i+j=0

bijx
iyjdx−

n∑
i+j=0

aijx
iyjdy

F (x, y) , r ∈ (0, ρ). (1.3)

By the above discussion, as M(r2) �≡ 0, r ∈ (0, ρ), if M(r2) has k simple zeros in r ∈ (0, ρ), then for ε > 0
small enough, the map P(r, ε) in (1.2) has at least k fixed points in (0, ρ) such that system (1.1) can have 
k limit cycles appearing from period annulus A.

From the previous works, there are two main forms on F (x, y) in (1.1) to deal with this problem. One 
form is F (x, y) =

∏k1
j=1(x − aj) 

∏k2
l=1(y − bl), where k1, k2 are non-negative integers, aj and bl are real 

numbers with ai �= aj and bi �= bj for i �= j. The following cases were studied. One line (k1 = 1, k2 = 0, 
a1 = −1) in [9]; two parallel lines (k1 = 2, k2 = 0, a1 �= a2) in [10]; two orthogonal lines (k1 = k2 = 1, 
a1 = −a, b1 = −b) in [1]; three lines, two of them parallel and one perpendicular (k1 = 2, k2 = 1, a1 = −a, 
a2 = −c, b1 = −b) in [3]; four lines, two of them parallel and the other perpendicular (k1 = 2, k2 = 2, 
a1 = a, a2 = −a, b1 = −b, b2 = b); the general case in [4]. Another is F (x, y) =

∏m
j=1[(x −ai)2 +(y− bi)2]ki , 

where (ai, bi) ∈ R
2 and each ki ∈ N

+. The case, where ki = 1, i = 1, 2, · · · , m, was considered by [6]; then, 
the authors [2] extended the result to general ki. For other particular forms, see [11,5] for one multiple 
singular line, see [12] for multiple parallel lines, see [7,8] for a conic case and see [13] for F (x, y) = 1 + x4.

To the best of our knowledge, the situation that {F (x, y) = 0} consists of multiple circles, whose centers 
are located at the x-axis, has not been discussed expect for one circle [7,8], and will be considered in this 
paper. That is, system (1.1) takes the form

ẋ = y
m∏
i=1

[
(x− ai)2 + y2 − b2i

]ki + ε
n∑

i+j=0
aijx

iyj ,

ẏ = −x
m∏
i=1

[
(x− ai)2 + y2 − b2i

]ki + ε
n∑

i+j=0
bijx

iyj , (1.4)

where ki, i = 1, 2, · · · , m are positive integers and each couple (ai, bi) ∈ R
2 with

ai �= 0, bi > 0, a2
i − b2i �= 0.

If there exists j such that aj = 0, then along the curve Lr, we have

(x− aj)2 + y2 − b2j = x2 + y2 − b2j = r2 − b2j .

Thus, in this case, along the curve Lr, we have

m∏
i=1

[
(x− ai)2 + y2 − b2i

]ki = (r2 − b2j )
m∏

i=1,i �=j

[
(x− ai)2 + y2 − b2i

]ki
.

Therefore, we assume that each ai does not equal zero always.



Download English Version:

https://daneshyari.com/en/article/4614343

Download Persian Version:

https://daneshyari.com/article/4614343

Daneshyari.com

https://daneshyari.com/en/article/4614343
https://daneshyari.com/article/4614343
https://daneshyari.com

