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1. Introduction

We are concerned with the regularity criterion for the weak solutions to the incompressible Navier—Stokes

equations (NSE) in R3:

ou+ (u-Viu—Au+Vr =0,
V-u=0,

u(0) = o,

(1)

where u = (u1,u2,u3) and m denote the unknown velocity field and pressure of the fluid respectively, and

ug is the prescribed initial data satisfying the compatibility condition V -ug = 0. Here and in what follows,

we shall use the notations:

du P >
atfu,za7 ai:a—xi, (uV)zZ}ul@
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The existence of a weak solution of (1) has been established in the pioneer works of Leray [10] and
Hopf [6] (for the case of bounded domains). However, the issue of regularity and uniqueness of such a weak
solution remains open up to now. The classical Prodi-Serrin conditions (see [3,5,11-14]) say that if

u € LP(0,T; LY(R?)), , 3<q< oo, (2)

hSRE N

then the solution is smooth on (0,7"). The difficult limiting case of (2) was recently treated in [3] by using
backward uniqueness method.
From the scaling point of view, (2) is important in the sense that

||U>\||Lp(o,t;Lq(]R3)) = ||uHLp(o7,\T;Lq(R3)) (3)
for

+ S =1, with wy(z,t) = Au(Az, \%*t) (A > 0).

N
| w

The Prodi—Serrin conditions (2) were later generalized by Beirdoda Veiga [2] to be

2
Vu € LP(0,T; LY(R?)), —+§ =2, < g < oo. (4)
p q

N W

Notice that (4) with 3/2 < ¢ < 3 was readily followed by (2) and the Sobolev embedding theorems. From
the hydrodynamical point of view, (4) is important in the sense that (4) is equivalent to the condition on
vorticity for finite ¢,

3
:27

w=VxucLPO,T;LY(R?), =+=
P q

N W

< g < 0. (5)

The endpoint case w € L'(0,T; L>°(R3)) or more general one w € L'(0,T; BMO) was covered in Ko-
zono and Taniuchi [9]. By further refinement into logarithmic Sobolev inequality related to Besov spaces,
Kozono-Ogawa—Taniuchi [7] showed that the following regularity criterion

) 3
w e LP(0,T; BY ), +5:2’ < g< oo (6)

Notice that L>® ¢ BMO c BY

0,000 (0) is finest when ¢ = oo.
3

._3 .3
From the inclusion point of view, we have LY C Boo’so = Fo'ho (1 < ¢ < 00), and the improvements from
classical Lebesgue spaces to Besov spaces (or Triebel-Lizorkin spaces) of negative regular indices should
be investigated. By establishing a bilinear estimate of Holder type in homogeneous Triebel-Lizorkin space,
Kozono and Shimada [8] refined (2) as
we L7 (0,T; B ), 0<r<1 (7)
in a full range; that is,

3
J<g<oo=0<r=-<1.
q

The corresponding possible extension of (4):
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