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We consider a Dirac operator with short range potential and with eigenvalues. 
We add a nonlinear term and we show that the small standing waves of the 
corresponding nonlinear Dirac equation (NLD) are attractors for small solutions 
of the NLD. This extends to the NLD results already known for the Nonlinear 
Schrödinger Equation (NLS).
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1. Introduction

We consider

{
iut −Hu + g(uu)βu = 0, with (t, x) ∈ R× R

3,

u(0, x) = u0(x), (1.1)

where for M > 0 we have for a potential V (x),

H = DM + V, (1.2)

where DM = −i 
∑3

j=1 αj∂xj
+ Mβ, with for j = 1, 2, 3,

αj =
(

0 σj

σj 0

)
, β =

(
IC2 0
0 −IC2

)
, σ1 =

(
0 1
1 0

)
, σ2 =

(
0 i
−i 0

)
, σ3 =

(
1 0
0 −1

)
.

* Corresponding author.
E-mail addresses: scuccagna@units.it (S. Cuccagna), tarulli@mail.dm.unipi.it (M. Tarulli).

http://dx.doi.org/10.1016/j.jmaa.2015.12.049
0022-247X/© 2016 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.jmaa.2015.12.049
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:scuccagna@units.it
mailto:tarulli@mail.dm.unipi.it
http://dx.doi.org/10.1016/j.jmaa.2015.12.049
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2015.12.049&domain=pdf


S. Cuccagna, M. Tarulli / J. Math. Anal. Appl. 436 (2016) 1332–1368 1333

The unknown u is C4-valued. Given two vectors of C4, uv := u · v is the inner product in C4, v∗ is the 
complex conjugate, u · v∗ is the hermitian product in C4, which we write as uv∗ = u · v∗. We set u := βu∗, 
so that uu = u · βu∗.

We introduce the Japanese bracket 〈x〉 :=
√

1 + |x|2 and the spaces defined by the following norms:

Lp,s(R3,C4) defined with ‖u‖Lp,s(R3,C4) := ‖〈x〉su‖Lp(R3,C4);

Hk(R3,C4) defined with ‖u‖Hk(R3,C4) := ‖〈x〉kF(u)‖L2(R3,C4), where F is the classical Fourier

transform (see for instance [25]);

Hk,s(R3,C4) defined with ‖u‖Hk,s(R3,C4) := ‖〈x〉su‖Hk(R3,C4);

Σk := L2,k(R3,C4) ∩Hk(R3,C4) with ‖u‖2
Σk

= ‖u‖2
Hk(R3,C4) + ‖u‖2

L2,k(R3,C4). (1.3)

For f , g ∈ L2(R3, C4) consider the bilinear map

〈f ,g〉 =
∫
R3

f(x)g(x)dx =
∫
R3

f(x) · g(x)dx. (1.4)

We assume the following.

(H1) g(0) = 0, g ∈ C∞(R, R).
(H2) V ∈ S(R3, S4(C)) with S4(C) the set of self-adjoint 4 ×4 matrices and S(R3, E) the space of Schwartz 

functions from R3 to E, with the latter a Banach space on C.
(H3) σp(H) = {e1 < e2 < e3 · · · < en} ⊂ (−M , M ). Here we assume that all the eigenvalues have 

multiplicity 1. Each point τ = ±M is neither an eigenvalue nor a resonance (that is, if (DM +V )u = τu

with u ∈ C∞ and |u(x)| ≤ C|x|−1 for a fixed C, then u = 0).
(H4) There is an N ∈ N with N > (M + |e1|)(min{ei− ej : i > j})−1 such that if μ · e := μ1e1 + · · ·+μnen

then

μ ∈ Z
n with |μ| ≤ 4N + 6 ⇒ |μ · e| 
= M , (1.5)

(μ− ν) · e = 0 and |μ| = |ν| ≤ 2N + 3 ⇒ μ = ν. (1.6)

(H5) Consider the set Mmin defined in (2.5) and for any (μ, ν) ∈ Mmin we consider the function Gμν(x)
(see the proof of Lemma 5.11 or also later in the introduction the effective hamiltonian), Ĝμν(ξ) the 
distorted Fourier transform associated to H (see (5.64) and Appendix A for more details) of Gμν(x)
and the sphere Sμν = {ξ ∈ R

3 : |ξ|2 +M 2 = |(ν−μ) ·e|2}. Then we assume that for any (μ, ν) ∈ Mmin
the restriction of Ĝμν on the sphere Sμν is Ĝμν |Sμν


= 0.

To each ej we associate an eigenfunction φj . We choose them such that Re〈φj , φ∗
k〉 = δjk. To each φj we 

associate nonlinear bound states.

Proposition 1.1 (Bound states). Fix j ∈ {1, · · · , n}. Then ∃a0 > 0 such that ∀zj ∈ BC(0, a0), there is a 
unique Qjzj ∈ S(R3, C4) := ∩t≥0Σt(R3, C4), such that

HQjzj + g(QjzjQjzj )βQjzj = EjzjQjzj ,

Qjzj = zjφj + qjzj , 〈qjzj , φ∗
j 〉 = 0, (1.7)

and such that we have for any r ∈ N:
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