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1. Introduction

PDE problems with small asymptotic parameter are ubiquitous in the science and engineering applica-
tions. The study of asymptotic behavior for these problems is crucial at least for two reasons, understanding
the possible new physics in the asymptotic regime and designing uniformly stable numerical schemes. Gen-
erally, if the limiting problem is well-posed, we call these PDE problems regularly perturbed. Otherwise,
we call them singularly perturbed. The regularly perturbed problems are easier, since the solution admits
a power series expansion which is valid at least when the asymptotic parameter is sufficiently small. It
is the singularly perturbed problems which make the analysis more complicated. Even in the linear case,
the asymptotic solutions behavior can be very different, strongly depending on the nature of these PDE
problems. A correct solution ansatz with respect to the asymptotic parameter is the key ingredient for this
kind of investigations. In this paper, we are interested in the time harmonic wave problems with small wave
number.

The first problem we consider is the boundary value problem of the Helmholtz equation

~Au—K*u=f, Vz € Q, (1)
Opu —iku = g, Vx € T, (2)
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where i = y/—1 denotes the imaginary unit, k is the wave number parameter, @ C R™ (n = 2 or 3) is
a bounded connected Lipschitz domain with connected boundary I', n denotes the unit outward normal,
f € L*Q) and g € HY2(I") are prescribed complex-valued functions. The weak formulation associated with
the boundary value problem (1)—(2) is to find u € H'(€2), such that for all v € H(Q) it holds that

(Vu, Vu) — ik < v,u > —k*(v,u) = (v, f)+ < v,9 > . (3)

Here and hereafter, we define the volume and boundary duals as
(v,u) = /dex, <v,u>= /Ouds.
Q r

By the Riesz representation theorem, we can define three bounded linear operators {Aj}?zo from H(Q) to
H(Q), and an element b € H(Q) as

(v, Agu)1 = (Vv, Vu), (4)
(v, Aju)1 =< v,u >, (5)
(v, Agu) = (v, u), (6)
(v,0)1 = (v, )+ <wv,g>. (7)

In the above, (-,-); stands for the standard H'-inner product, i.e.,
(v,w); = (Vu, Vw) + (v, w).

The variational problem (3) can then be written into an equivalent form of operator equation: find u € H*(Q)
such that

(Ag —ikA; — k?Ay)u = b. (8)
The second problem we consider is the boundary value problem of Navier equation

~V -o(u) —k*u=f, Vz € Q, (9)

n-o(u) —iku=g, Vz €T, (10)
where @ C R™ (n = 2 or 3) is a bounded connected Lipschitz domain with connected boundary I', o(u)
stands for the stress tensor of the displacement vector field u. For simplicity, we assume that the stress
tensor o(u) relates to the strain tensor e(u) through

e(u) = (Vu+ (Vu))/2,  o(u) = Mre(u)T + 2ue(u).

In the above, A and p denote the Lame’s constants. The weak formulation associated with the boundary
value problem (9)—(10) is to find u € (H*(2))™, such that for all v € (H'(2))" it holds that

A(tre(v), tre(u)) + 2u(e(v), e(u)) — ik < v,u > —k*(v,u) = (v, f)+ < v,g9 > . (11)

By the Riesz representation theorem, we can define three bounded linear operators {A4; }?ZO from (H'(Q))"
to (H'(Q))", and an element b € (H*(2))" as
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