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1. Introduction

Rank one and finite rank perturbations of selfadjoint operators in Hilbert spaces have been considered
in various papers and in many applications in theoretical physics, e.g. in the investigation of singular per-
turbations in quantum mechanics, see [1-3,11,23,24,28,31,32,45,55]. It is well known that an n-dimensional
selfadjoint perturbation of a selfadjoint operator in a Hilbert space preserves the essential spectrum and
changes the spectral multiplicity by at most n, that is, for a bounded interval I C R and (in general
unbounded) selfadjoint operators A, B in a Hilbert space .7 such that

(A=) ' = (B=x)" (1.1)

* Corresponding author.
E-mail addresses: behrndt@tugraz.at (J. Behrndt), leslie.leben@tu-ilmenau.de (L. Leben), francisco@mate.unlp.edu.ar
(F. Martinez Peria), roland.moews@tu-ilmenau.de (R. Méws), carsten.trunk@tu-ilmenau.de (C. Trunk).

http://dx.doi.org/10.1016/j.jmaa.2016.03.012
0022-247X/© 2016 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.jmaa.2016.03.012
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:behrndt@tugraz.at
mailto:leslie.leben@tu-ilmenau.de
mailto:francisco@mate.unlp.edu.ar
mailto:roland.moews@tu-ilmenau.de
mailto:carsten.trunk@tu-ilmenau.de
http://dx.doi.org/10.1016/j.jmaa.2016.03.012
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2016.03.012&domain=pdf

J. Behrndt et al. / J. Math. Anal. Appl. 439 (2016) 864-895 865

is of rank n for some Ay € p(A) N p(B), the dimensions of the spectral subspaces of A and B corresponding
to the interval I differ at most by n, and this estimate is sharp. In particular, if I C p(A) then I contains
at most n eigenvalues of B counted with multiplicities.

In the general non-selfadjoint case rank one and finite rank perturbations preserve the essential spectrum
but precise results on the number and multiplicity of the discrete spectrum do not exist. Without further
assumptions on the structure of the operators or the rank one perturbation the number of eigenvalues in a
given interval can change arbitrarily, see [44, Theorem 1]. If the operators A and B under consideration are
not selfadjoint in a Hilbert space but still selfadjoint in a Krein space, then several results on finite rank
perturbations of different classes of operators exist; cf. [4,5,7,8,13,22,26,34-37]. However, these perturbation
results are typically of qualitative nature and do not contain explicit bounds or estimates on the number and
multiplicities of eigenvalues after the perturbation. In the matrix case we refer to [51-53], where so-called
generic perturbations were investigated, and in [54] some estimates and bounds in the case of a Pontryagin
space are given.

Our main objective in this paper is to obtain sharp bounds for the number and multiplicities of eigenvalues
in the following Krein space perturbation problem: We assume that A and B are selfadjoint with respect
to some indefinite inner product [-, -], that A is nonnegative with respect to [-, -], and that the perturbation
(1.1) is of rank one. In that case B is either nonnegative (and we write kg = 0) or the form [B-,-] has
one negative square (and we write kg = 1). Let I be an open interval such that all spectral points of A in
I are isolated eigenvalues and poles of the resolvent of A; here also eigenvalues of infinite multiplicity are
allowed. In this setting our first main result (Theorem 3.5 below) states: The difference of the number n 4 (1)
of distinct eigenvalues of A in I and the number ng(I) of distinct eigenvalues of B in I can be estimated by
the number n 4 g(I) of common eigenvalues of A and B in I, and a correction term which is at most 3. The
correction term depends on the fact whether 0 is in the interval I and whether the operator B is nonnegative
(kg = 0) or has one negative square (kg = 1):

(i) If 0 ¢ I then

1 ifkg =0,
nal) = nap(I) =1 <np(I) <na) +nap)+ o
3 ifkp=1.
(if) If 0 € I then
2 if kg =0,
na(l) = nap(l) -2 <np(I) <na) +nap(l)+ o
3 ifkp=1.

It is remarkable that all the above estimates turn out to be sharp: There exist operators A and B (which are
in fact matrices) such that the inequalities in (i) and (ii) become equalities. Moreover, we mention that the
above estimates imply that the finiteness of the number of distinct eigenvalues of A in a gap of the essential
spectrum is preserved under a one dimensional perturbation. This is a special case of a more general result
from [13].

Our second main result are estimates of the total algebraic multiplicities m4(I) and mp(I) of the eigen-
values of A and B in I. This leads to the following estimates in Theorem 3.9 on the multiplicities of the
eigenvalues which complement the results in Theorem 3.5 on the number of distinct eigenvalues:

(i) If O ¢ I then

1 ifKJB:O,

ma(l) =1 < mp(I) <ma(l) + {3 if o = 1.
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