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characteristic polynomial of graphs. Let p1 > p2 > -+ > pn = 0 be the Laplacian
eigenvalues of G. The general Laplacian-energy-like invariant of G, denoted by
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Laplacian matrix LELa(G), is defined as 37, o puf when p1 # 0, and 0 when py = 0, where o
Coulson integral formula is a real number. In this paper we give a Coulson-type integral formula for the
General Laplacian-energy-like general Laplacian-energy-like invariant for « = 1/p with p € ZT\{1}. This implies
invariant integral formulas for the Laplacian-energy-like invariant, the normalized incidence

energy and the Laplacian incidence energy of graphs.
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1. Introduction

All graphs considered in this paper are finite and simple. For terminology and notation not defined here,
we refer the reader to Cvetkovié et al. [4].

Let G be a graph with n vertices and m edges. The eigenvalues of the adjacency matrix A(G) of G
are said to be the eigenvalues of G and form the spectrum of G. We denote the eigenvalues of G by
A1 > A2 > --- > A, in non-increasing order. The matrix L(G) = D(G) — A(G) is called the Laplacian
matriz of G, where D(G) = diag(dy,da,...,d,) is the diagonal matrix of vertex degrees of G. It is well
known that L(G) is a positive semi-definite symmetric matrix, and moreover 0 is the smallest eigenvalue
of L(G). We denote the eigenvalues of L(G) by pu1 > ug > -+ > p, = 0, which are called the Laplacian
eigenvalues of G.
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The energy of a graph G is defined as E(G) = >_}'_, |\¢|, which is derived from the total m-electron
energy [13]. Graph energy has been studied extensively by many mathematicians and chemists, and
there have been many results obtained on this invariant of graphs (see [8]). In the theory of graph
energy there is an important result called the Coulson integral formula which makes it possible to cal-
culate the energy of a graph without knowing its spectrum. For a graph G, its Coulson integral for-
mula is

— 00

where ¢4(G,z) is the characteristic polynomial of A(G) (called the characteristic polynomial of G).
This formula was obtained by Coulson [2], and has many applications in the theory of graph energy
(see [8]).

For a graph G, since pr > 0 for £ = 1,2,...,n, it would be trivial to define its Laplacian energy as
Sory el = X h—; pe = 2m. Gutman and Zhou [6] defined the Laplacian energy of a graph G as

Later, Liu and Liu [9] introduced the Laplacian-energy-like invariant of G, which is similar to the definition
of the graph energy, as

LEL(G) =Y /ix-
k=1

This invariant has many similar properties as the energy of a graph. For more results on the Laplacian-
energy-like invariant, we refer the reader to the references [7,9,12,16].

In [14], Zhou studied the sum of powers of the Laplacian eigenvalues of graphs, which can be regarded
as a generalization of the Laplacian-energy-like invariant. Here we call this invariant the general Laplacian-
energy-like invariant of graphs.

Definition 1. Let G be a graph of order n, u; > ps > --- > p, = 0 the Laplacian eigenvalues of G and
a a real number. The general Laplacian-energy-like invariant of G, denoted by LEL,(G), is defined as
> nzo Wi when gy # 0, and 0 when 4 = 0.

Obviously, LEL(G) = LEL%(G).

In this paper, we obtain a Coulson-type integral formula for the general Laplacian-energy-like invariant
of graphs in Section 3. Before that, in Section 2, we give some preliminaries. In Section 4, we present a
Coulson-type integral formula for the general energy of polynomials, which is an extension of the general
Laplacian-energy-like invariant of graphs, and show that it implies two known integral formulas for the
normalized incidence energy and the Laplacian incidence energy.

2. Preliminaries
We first introduce some basic concepts and results from complex analysis which will be used later. Let

D be a bounded domain. The boundary of D is denoted by 0D.
The following two results in complex analysis are well known (see [5]).
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