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Given an E C R™, Lebesgue measurable, we construct a real function ¢ : RT — R+
(depending on E) increasing, with lim ¥(t) = 0 such that
t—0

\RN E°|

2 TR[-p(d(R))

TER
d(R)—0

=0 for a.e. x € E

(where R is an interval in R™ and d stands for the diameter). This gives a new
constructive proof of a problem posed by S.J. Taylor (1959) (7, p. 314]. Further-
more, the constructive method we use, gives a sharp upper bound for the Hausdorff
dimension of the set of exceptional points, for the strong density theorem of Saks.
© 2015 Elsevier Inc. All rights reserved.

1. Introduction

S. Ulam in [5, Problem 146, p. 228] (see also [10, p. 78]) posed the following problem: Suppose that E
is any Lebesgue measurable set on the real line. Does there exist a real function 1 : Rt — R (depending

on E) increasing such that lim (¢) = 0 and
t—0+t

INE*
lim Q =0 a.e. in E7?
zel |I]-P(|])
| I]—0
(Where I denotes an interval in R, E€ is the complement of E and | - | stands for the Lebesgue measure.)

The affirmative answer to this question was given by S.J. Taylor in [7] and of course this is a strengthening
of the Lebesgue density theorem. However, the problem, whether does there exist a function 1 independent
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of E, has a negative solution (see [7, Theorem 4, p. 312]). Also in [7], the problem for a similar strengthening
of the strong density theorem of Saks was posed (for Saks’ strong density theorem, see [6, p. 129]).

Problem. (See [7, p. 314].) Given an m-dimensional Lebesgue measurable set E, does there exist a real
function (t) increasing with lirél+ ¥(t) = 0 such that
t—

) |RN E°|
Iim ———— =0 for a.e. x€ E?
ek TRID((R)
(R is an interval in R™, i.e. R := I} X -+ X I, where I,...,I,, are intervals in R and d is the diameter

of R.)

As S.J. Taylor remarked, the direct methods in [7] did not give this strongest form of the density theorem
in m-space.

The affirmative answer to this problem was given by S.J. Taylor in [8], assuming the usual form of the
strong density theorem and applying an ingenious strengthening of Egoroff’s theorem. The answer given is
not constructive and gives no information on how the function ¢ depends on the set E.

In the present paper we give a new constructive answer to the problem of S.J. Taylor in [7], that gives a
function v not only for a particular set, but for an uncountable class of sets.

To be precise, given a sequence {(w,u,): n € N} in R? with w,, > 0, u,, > 0 for n € N such that the

oo

oo
series Y. wy, - u, converges, we say that a set E C R? belongs to {(wn,u,): n € N} if E = {J (I, x Jp),
n=1 n=1
where I,, x J, are disjoint intervals in R? with |I,| = wnp, |Jn| = u, for n € N. Clearly, every bounded open

set belongs to some sequence as above and there are uncountably many sets belonging to a given sequence
(this kind of definition in one dimension is also considered in [2] for a different purpose).

As result (see Theorem 4.9), given a sequence {(wp,un): n € N} as above, we construct a ¢ : RT — R*
(depending on {(wy,un): n € N}) increasing, with tlirél+ ¥ (t) = 0 such that for every set E belonging to

{(wn, up): n € N}

[(Ax B)N E°|
sup -
) zeﬁxB |A X B|
lim diam(Ax B)<t =0 for ae. x € F
t—0 ¢(t)

(where A x B is an interval in R?).

(We remark that the Problem in [7, p. 314] is somewhat misstated, since the ratio following the limit is
not uniquely determined, for given d(A x B).)

It should be noted that, this kind of result can be obtained in one dimension by the direct methods of [7].
Also, our method equally works in any dimension, but we restrict to R? for notational simplicity.

Furthermore, the constructive method we use, gives a sharp upper bound of the Hausdorff dimension of
the set of exceptional points, for the strong density theorem of Saks.

To be precise, in [3] A.S. Besicovitch proved that, given a perfect set E C [0,1] and denoting by ¢ the
sequence ai, as, . . . of the lengths of interior complementary intervals of E/, the Hausdorff dimension of the set
of exceptional points, for the Lebesgue density theorem (for F), is bounded above by the Besicovitch-Taylor
index (or exponent of convergence) of the sequence {a,, : n € N} (defined as

egr{an: n €N} :=inf{c>0: Z af, converges} (see [9, p. 34]))

n=1

and this bound is sharp.
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