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1. Introduction

Given a class X, we shall denote by X the family of positive elements in X.
Throughout the article we use the following weighted L? and [¢ quasi-norms:

Definition 1.1. Let f be a measurable function on RT = (0,00) and let {a,} be a sequence of complex
numbers. For 0 < p < oo and 0 < ¢ < oo define:
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To simplify the language, we will refer to the quantities (1) as norms.

LZ} (9:0) and lgj(p q) AT the spaces of such functions and sequences for which the corresponding norms are
finite.

For any measurable function f on an arbitrary measure space (2, %, 1), so that p{|f| > v} < oo for all
~ > 0, we define its decreasing rearrangement, f*, on (0,00), so that A {f* > v} = u{|f] > v} for all v > 0,
where ) is Lebesgue measure on the line. We define similarly the rearrangement of a sequence {a,}, and
denote it by {a}}.
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Recall the definition of the Lorentz spaces:

Definition 1.2. Let f and {a, } be such that f* and {a}} exist. For 0 < p < coand 0 < ¢ < 00, or p = ¢ = 00,
define

12,00 = Mooy @mm = 15 e 5 Hartlip,q = HakHs - (2)

(p,a)

L (p,q) and I (p,q) are the spaces of such functions and sequences for which the corresponding norms are
finite. L (p,q) and [ (p, q) are called Lorentz spaces.

For any pair of positive functions, @1 and @, let us write @1 ~ Q- if there exists a constant C' > 0 so
that L cQ1 < Q2 <CQ.

Definition 1.3. Given a sequence {a,}, the function f () = ar, is called its associated function.

Lemma 1.4. Let f be the function associated with {a,}, 0 <p < o0, 0 < ¢ < 00, orp=q=o00. Then

1Al o~ Haxdl (3)
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Also, f* exists if and only if {a}} exists and if they do then

1A £ prgy ~ ar g - (4)
Proof. For q < oo:
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For ¢ = o0
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proving (3). (4) is proved similarly. O
G.H. Hardy and J.E. Littlewood showed that there is a norm equivalence between a function and the

sequence of its Fourier coefficients provided that either the function or the sequence is nonnegative and
decreasing:

Theorem 1.5. (See G.H. Hardy and J.E. Littlewood [7].) Assume that {c,} N\, 0, f(x ch cosnx or

= ch sinna. Then for all p € (1,00),

n=1
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