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1. Introduction

This paper studies the existence and uniqueness of the solution of the, eventually singular, elliptic problem

—Aui =N+ Y agguy — oi(d(@) filu)u; i Q .
L 1<i<n,
J=1,j#i

u; = M on 09,

(1.1)

where M € (0,00, Aj, a;j € Rforall 1 <i:<j<mn,j#i neN, with a;; >0, and
d(z) := dist(z, 09), x € Q,

is the distance to the boundary function. The kind of domains €2 considered here are the ball and the

annulus. So,

Q € {Br(0), Ar,,r,(70)}, (1.2)

* Supported by the Ministry of Economy and Competitiveness under Research Grants MTM2012-30669 and MTM2015-65899-P.
* Corresponding author.
E-mail addresses: Lopez_ Gomez@mat.ucm.es (J. Lépez-Gémez), luismaireQucm.com (L. Maire).

http://dx.doi.org/10.1016/j.jmaa.2015.11.026
0022-247X/© 2015 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.jmaa.2015.11.026
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:Lopez_Gomez@mat.ucm.es
mailto:luismaire@ucm.com
http://dx.doi.org/10.1016/j.jmaa.2015.11.026
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2015.11.026&domain=pdf

J. Lépez-Gémez, L. Maire / J. Math. Anal. Appl. 435 (2016) 1738-1752 1739

where 2o e RN, N >1, R>0, Ry > Ry > 0, and

Br(xo) :={z € RN : |z — 2| < R},

ARl,RZ(xO) = {.’L‘ € RN R < |CE — .’Iio‘ < RQ}

In (1.1), for every 1 < i < n, we suppose that a; € C¥[0,00), for some v € (0, 1], satisfy a; > 0 in Q and
a:= (ag, -,a,) # 0. As far as concerns the nonlinear terms of (1.1), the following conditions are imposed:

(A1) For every 1 <i <n, f; € C*¥[0,00), f;(0) = 0 and f/(u) > 0 for all u > 0.
(A2) There exists F' € C*7[0, 00) such that F(0) =0, F(u) > 0, F'(u) > 0 for all u > 0, and

i ; > > i = 0.
nin. fi(u) > F(u) for all u >0, 11L1Tr£> F(u) =0

In the singular case when M = oo, a function
u=(ur, ) € [CTT(Q)
is a solution of (1.1) if it satisfies the system and

lim wu;(x) =00 foralll<i<n.
d(z)]0

In such case, u is said to be a large, or explosive, solution of (1.1).

Under these general hypotheses, the problem (1.1) has a unique positive solution for every 0 < M < oo,
denoted by 0[x o ar) with A := (A1, ..., A,). Moreover, by the maximum principle, M — 6\ o, a7 is point-wise
increasing. Thus, the limiting function

On0.00) = Lim O 0. (1.3)

is well defined, though it might equal oo somewhere in 2, unless the following generalized Keller—-Osserman
condition, [12,28], holds

(KO) Assumptions (Al) and (A2) hold and, for every 8 > 0, limy oo I(u) = 0, where

T do
I(u) := .
1/ VI BFat) — 1yt

See [19, Chapter 3] for a detailed discussion about condition (KO). In particular, under the assumption (A1),
the condition (KO) holds if there are p > 0 and C' > 0 such that

filu) > F(u) .= CuP forallu >0 and 1<i<n. (1.4)
The main result of this paper is the following

Theorem 1.1. Suppose (KO), Q € {Bgr(z0), Ar,,r.(x0)}, A\i >0, a;; >0 foralll <i<j<mn,j#i, o
are positive nondecreasing functions,

0<a(t)<ai(s) forall 0<t<s, 1<i<mn, (1.5)
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