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operator from D into X satisfying a local weak continuity condition described by
a family of functionals. We introduce a new type of weak compactness on the level

fggZZZfSCauchy problem sets of functionals and give a necessary and sufficient condition for the existence of a
Weakly continuous operator weakly continuously differentiable solution satisfying a growth condition. We apply
Growth condition the abstract result obtained to the Cauchy problem for a nonlinear Schrédinger
Comparison function equation and a mixed problem for a logarithmic wave equation.

Maximal solution © 2015 Elsevier Inc. All rights reserved.

1. Introduction

This paper is devoted to the solvability of the abstract Cauchy problem
o' (t) = Au(t) for t >0 and u(0) =wug € D,

where D is a weakly closed subset of a Banach space Y continuously embedded in the underlying Banach
space X and A is a nonlinear operator from D into X satisfying a weak continuity condition. We are inter-
ested in finding a necessary and sufficient condition for the existence of a weakly continuously differentiable
solution satisfying a growth condition.

In the special case where Y is a Hilbert space and A is a weakly sequentially continuous mapping on
Y to X such that (v, Av)y.x < B(||v]|2) for v € V, where 8 € C([0,00);[0,0)) and V is another Banach
space continuously embedded in Y such that (v,u)y,x = (v,u)y for v € V and u € Y, Kato and Lai [9]
established the existence of a weakly continuously differentiable solution u satisfying the growth condition
that ||u(t)||3 < p(t), where p is the maximal solution of the ordinary differential equation r'(t) = 8(r(t)) for
t > 0, and applied their abstract result to the Euler equation. Their abstract result is based on the following
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two key formulations, and it has significant applications to fluid dynamics ([15,16], see also [5]), and to the
KdV equation (see [14]).

(i) A functional ¢ defined only by the original norm of Y is used to specify the growth of solutions.
(ii) The level sets of ¢ are weakly compact in Y.

Their result was extended by Giinther and Prokert [6] in such a way that a family {(-,},;w € W} of
bilinear forms was introduced by using an open set W in Y and the functional ¢(u) = (u, u)ql/2 forue W
was used for the same purpose, where {(-,),;w € W} is a family of inner products of Y compatible with
the family of bilinear forms.

For wider applications, it is necessary to extend their results for the following reasons. For an application
to a logarithmic wave equation, another type of functional was used by Han [7] to estimate the growth of
solutions. To study the nonlinear Schrédinger equation

iug + Au+ [u|T = 0,

two functionals ¢1(v) = |[v[|2, for v € L*(RY) and p2(v) = 3||Vv[2. — q%HquLﬂl for v € HY(RY)
were used by Ginibre and Velo [4] under the situation that the topology of L?(RY) is stronger than that
of LI (RY) on any bounded subset of H*(RY). In this case, the set {v;p;(v) < aj for j = 1,2} is not
weakly closed in H'(RY), and so condition (ii) is not satisfied. It should be noted that the solution u of this
equation satisfies the conservation law of the charge @1 (u(t)) = ¢1(up). By using the functional o1, a weak
closedness is recovered in a sense that if u € H(RY) and {u,} is a sequence in H!(R") converging weakly
in HY(R™) to u as n — oo and if limsup,, . ©1(u,) < @1(u), then pa(u) < liminf,, o @o(uy).

The above consideration leads us to a new type of weak compactness condition ((¢1) and (¢2) in the
next section) of level sets of a family of functionals combined with an abstract energy identity. To formulate
an energy identity, we use a d-tuple ¢ = ((pj);l:l of functionals from X into [0,00] and a comparison
function g (see condition (p2-a)). The main result (Theorem 2.1) gives an extension of [9, Theorem A] and
[6, Theorem 3.4].

As applications of the main result we discuss the Cauchy problem for a nonlinear Schrédinger equation
and a mixed problem for a logarithmic wave equation in Sections 4 and 5. In the final section we derive

Kato and Lai’s existence result from Corollary 2.3.
2. Main theorem

Let (X, | - ||x) be a Banach space and let (Y,| - ||y) be another Banach space continuously embedded
in X. Then we discuss the solvability of the abstract Cauchy problem

u'(t) = Au(t) for t >0 and u(0) =wug € D, (CP)

where D is a weakly closed subset of Y and A is a nonlinear operator from D into X satisfying a weak
continuity condition formulated as follows:

Let ¢ = (¢;)%_; be a d-tuple of functionals from X into [0, 00] such that D C D(p) := {v € X; ¢;(v) <
oo for 1 < j < d}, and then we introduce the following weak continuity condition in a local sense:

(A) If a € RY, uy, € Do(op) for n > 1, u € D and u,, — u weakly in Y as n — oo, then Au,, — Au weakly
in X as n — oo.
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