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1. Introduction

Stochastic differential equations (SDEs) with Markovian switchings have received considerable atten-
tion in the past decades [5,13]. There have been fruitful results contributed to the issues about this type
of models, ranging from stability [11,12] and structural analysis [15] to scientific and engineering applica-
tions [16,20]. It should be pointed out that most of the existing works are concentrated on the case of finite
Markovian switchings. However, in many real scenarios, it may be more appropriate to describe the struc-
tural changes of dynamical plants by a Markov chain with infinite states [3]. Therefore, some researchers
have turned to study stochastic differential or difference equations with Markov process taking values in an
infinite set [2,14,17]. Particularly, as one of the central subjects in the equation theory, stability analysis has
attracted an increasing interest; see [4,8,10,18] and the references therein for the latest developments. It has
been found that SDEs with infinite Markovian switchings possess some distinct features; e.g., asymptotic
mean square stability and stochastic stability (Lo stability) are equivalent for SDEs with finite Markovian
switchings, while this link does no more hold in the case of infinite Markovian switchings [7].
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In this paper, we will focus on the stability analysis of linear 1t6 SDEs with countably infinite Markovian
switchings. First of all, a spectral criterion will be established for exponential (mean square) stability of
the considered equations. Based on the obtained criterion, the intrinsic relationship between exponential
stability and stochastic stability will be revealed. It will be shown that, different from the SDEs with finite
Markovian switchings, even if the SDE with infinite Markovian switchings is stochastically stable, it may
be not exponentially stable. Moreover, for any finite-energy random disturbance, it is exponential stability,
instead of stochastic stability, that can guarantee the perturbed SDEs with infinite Markovian switchings
to be Lo input—output stable.

The remainder of this paper is organized as follows. Section 2 provides some useful preliminaries. In Sec-
tion 3, a spectral criterion and a Barbasin—Krasovskii-type theorem are presented for exponential stability.
Section 3.2 proceeds with the analysis of Ly input—output stability. Finally, Section 4 ends this paper with
a concluding remark.

Notations. C (R): the set of all complex (real) numbers; C~: the open left-hand side complex plane; R : the
set of all nonnegative real numbers; R": n-dimensional space with the usual Euclidean norm || - ||; Sy: the
set of all n x n symmetric matrices, whose entries may be complex; A > 0 (> 0): A (€ S,,) is positive
(semi-positive) definite; A’: the transpose of a matrix (vector) A; A(-): the eigenvalue set of some square
matrix or operator; I,,: the n-dimensional identity matrix; §(-): the Kronecker delta function.

2. Preliminaries

On a complete probability space (Q, F, P), we consider the following linear SDE with Markovian switch-
ings:

da(t) = Ao(r(t))(t)dt + ki Ap(r(t)) () dw (1) .
=1 1
d:(t) = Colr(t))a(t) + ki Cu(r () e(t)dun(t), t € Ry,

where x(t) € R™ and z(t) € R™ represent the state and measurement output, respectively. Let w(t) =
(wy(¢) ---wi(t)) be a standard I-dimensional Brownian motion defined on the given probability space.
In (1), all coefficients are real matrices of appropriate dimensions, e.g., Ag(i) € R™*™. The stochastic
process {r(t)}tcr, is a Homogeneous Markov chain which is right continuous and takes values in the
countably infinite set Z, = {1,2,--- }. The transition probability matrix of {r(¢)}+cr, is denoted by P(t) =
(pij(t))ijez. with pi;(t) = P{r(t +h) = jlr(h) = i} for t > 0 and h > 0. The infinitesimal matrix of
{r()}er, is T = (¢ij)ijez, , Where

qij = th\r% Dij (t) - Pij (O)

(2)

and p;;(0) = 6(i — 7). It is assumed that ¢;; > 0 for i # j, 0 < —¢; = Zj# ¢ij < c (4,5 € Z) for some
¢ > 0and sup 3377 [gij| < oo. The initial state z(0) € R" is deterministic, and the initial distribution
1€L4

of Markov process satisfies m;(0) := P(r(0) = ¢) > 0 (i € Zy). For arbitrary ¢ € Ry, the o-algebras
Gy = o(w(s),0 < s <t)and Hy := o(r(s),0 < s < t) are mutually independent. Moreover, H; (t > 0) is
the smallest o-algebra that contains all sets M € F with P(M) = 0 and w(s) (s < t) is measurable with
respect to #,. Denote by Fi := G VHy VH,. Let L%_—(R.H R™) be the space of all nonanticipative stochastic
processes y(t) € R™ (with respect to F;) satisfying

1/2

o0
Illz2cr,) == E/Ily(t)llzdt < .
0
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