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1. Introduction

Let H(D) be the Fréchet space of all analytic functions in the unit disk endowed with the topology of
uniform convergence on compact subsets of D. A Banach space (X, ||||) such that X C H(D) with continuous
inclusion will be called a Banach space of analytic functions. We shall say that X is a homogeneous Banach
space of analytic functions (see [3,13]) if it satisfies the following properties

A(D) C X C H(D) (1)
with continuous inclusions,
feX = fee X and ||fe]| = [ f|| for any |¢] =1, (2)

and there exists C' > 0 such that
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feX= f.eXand|f| <C|f] forany 0 <r <1, (3)

where f,(w) = f(zw) for z € D and A(D) = C(D) N H* stands for the disc algebra, that is the closed
subspace of bounded analytic functions with continuous extensions to the boundary.
Particular examples are, for 1 < p < oo, the Hardy spaces HP with the norm

[fllgr = sup My(f,7)
0<r<1

where M,(f,r) = (fOQW |f(rei9)|p%)1/1’ (or Moo(f,7) = supj¢j=y | f(r§)]) and the Bergman spaces AP with
the norm

1fllar = (/ | (w)|PdA(w)) /P

where dA(w) stands for the normalized Lebesgue measure in D.
If (X,]|-]) is a homogeneous Banach space of analytic functions and f € X we shall denote

wx (f,t) = sup || fee — fl| and Mx(f,7) = sup | fs]|.
lo|<t 0<s<r

We keep the classical notations wy(f,t) = wmr(f,t) and M,(f,r) = Mu»r(f,r) for f € HP. It is easy to
see (due to the density of analytic polynomials in the spaces A(D), H? and AP) that wy(f,t) — 0 and
war(f,t) = 0ast — 0 for any f in the corresponding space. It is also well known (see for instance [6,9,16])
that ||f — frllgr — 0 and ||f — fr]lar = 0asr — 1 for 1 < p < co. It goes back to the work of Hardy
and Littlewood and further extensions (see for instance [6,12,15]) that for each 1 <p < 00, 0 < a < 1 and
f € HP the following conditions are equivalent:

(a) wp(f,t) = O(t*), t — 0.
(b) If = fellzr =01 —1)*), 7 — 1.
(c) My(f',r) =0((1 —r)*~Y), r — 1.

o

Of course this type of result can also be rephrased in terms of fractional derivatives. The reader is referred
to the work of H. Komatsu [10, Theorem 13.8] for an alternative proof of such a result which uses the heavy
machinery of fractional powers of operators (see also [11] for more general results in this direction).

In a recent paper Galanopoulos, Siskakis and Stylogiannis (see [8, Theorem 4.1]) have shown the following
analogue for Bergman spaces, namely for 1 <p < 00, 0 < a <1 and f € AP the following are equivalent

(i) war(f,t) =0(t%), t =0
() If = frllar = O((L = 7)), r = 1
(iii) Ap(f',r) = O((1 —r)* 1), r — 1 where A,(f,7) = || fr]|a».

There are three goals in the paper: First to exhibit that the equivalences between (a), (b) and (c¢) and
between (i), (ii) and (iii) for Hardy spaces H? and Bergman spaces A? in the case 1 < p < oo actually follow
from the case p = oo with the use of vector-valued functions in the disc algebra, second to show that they
hold true not only for Hardy and Bergman spaces but also for any homogeneous Banach space of analytic
functions and third to add other equivalent formulations in terms of

we(F,t) = Sip 1E(¢i(2)) — F(2)]|
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