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1. Introduction

Recall that a nonnegative integrable function w is a doubling weight (on [—1, 1]) if there exists a positive
constant L (a so-called doubling constant of w) such that

w(2I) < Lw(I), (1.1)

for any interval I C [—1,1]. Here, 2I denotes the interval of length 2|I| (|I] is the length of I') with the same
center as I, and w(I) := | ; w(u)du. Note that it is convenient to assume that w is identically zero outside
[—1, 1] which allows us to write w(I) for any interval I that is not necessarily contained in [—1,1]. Let DW,
denote the set of all doubling weights on [—1, 1] with the doubling constant L, and DW := Up~¢DWp, i.e.,
DW is the set of all doubling weights.

It is easy to see that w € DW if and only if there exists a constant x > 1 such that, for any two adjacent
intervals I, Iz C [—1, 1] of equal length,

w(lh) < kw(lz). (1.2)
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Clearly, x and L depend on each other. In fact, if w € DW, then (1.2) holds with x = L2. Conversely, if
(1.2) holds, then w € DW 4.

Following [6,7], we say that w is an A* weight (on [—1,1]) if there is a constant L* (a so-called A*
constant of w) such that, for all intervals I C [—1,1] and = € I, we have

*

w(z) < mw([) (1.3)

Throughout this paper, A%. denotes the set of all A* weights on [—1,1] with the A* constant L*. We
also let A* := Ups9Aj., i.e., A* is the set of all A* weights. Note that any A* weight is doubling, i.e.,
Aj. C DWp, where L depends only on L*. This was proved in [7] and is an immediate consequence of the
fact (see [7, Theorem 6.1]) that if w € A7 . then, for some ! depending only on L* (for example, [ = 2L* will
do), w(I1) > (|11]/|I2])'w(I2), for all intervals Iy, Iy C [—1,1] such that I; C I». Indeed, for any I C [—1,1],
this implies w(I) > (|I|/|21 N [=1,1]])' w(2I) > 2w (2I), which shows that w € DW .

Moreover, it is known and is not difficult to check (see [7, pp. 58 and 68]) that all A* weights are A
weights. Here, A is the union of all Muckenhoupt A, weights and can be defined as the set of all weights
w such that, for any 0 < a < 1, there is 0 < § < 1 so that w(E) > Sw([), for all intervals I C [—1,1] and
all measurable subsets E C I with |E| > «|I| (see e.g. [10, Chapter V).

Clearly, any A* weight on [—1,1] is bounded since if w € A% ., then w(z) < L*w[-1,1}/2, x € [-1,1].
(We slightly abuse the notation and write w[a,b] instead of w ([a, b]) throughout this paper.) At the same
time, not every bounded doubling weight is an A* weight (for example, the doubling weight constructed in
[2] is bounded and is not in A, and so it is not an A* weight either).

Throughout this paper, we use the standard notation || f||; == [[fll.__ ;) := esssup,e; [ f(u)| and || f]| ==

”fH[—l,l]' 1&1507
E. (f,I), := inf — ,
(f ) qlenn Hw(f Q)HI

where II,, is the space of algebraic polynomials of degree < n — 1.
The following theorem is due to G. Mastroianni and V. Totik [8, Theorem 1.4] and is the main motivation
for the present paper (see also [5-7]).

Theorem A. (See [8, Theorem 1.}].) Letr e N, M >3, =1 =2, < --- < zpy = 1, and let w be a bounded
generalized Jacobi weight

M
wy(z) == H |z — z;|%  withy; >0, 1 <35 <M. (1.4)
j=1

Then there is a constant ¢ depending only on v and the weight w such that, for any f,

En(f7 [717 1])103 S CW;(fa 1/77’)*11)37

and

n

wi(f, 1), <en™ Y R E(f (-1, 1)y,

k=1

where
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