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In this study, we investigate the well-posedness of the solution of an optimal control 
problem related to a nonlinear inverse coefficient problem. Problems of this type 
have important applications in several fields of applied science. Unlike other terminal 
control problems, the observation data are only given for a fixed direction rather 
than for the whole domain, which may make the conjugate theory for parabolic 
equations ineffective. Moreover, the coefficients in our model are singular, so we 
propose some weighted Sobolev spaces. Based on the optimal control framework, 
the problem is transformed into an optimization problem and the existence of the 
minimizer is established. After deducing the necessary conditions that must be 
satisfied by the minimizer, we prove the uniqueness and stability of the minimizer. 
Following a minor modification of the cost functional and imposing some a priori 
regularity conditions on the forward operator, we obtain the convergence of the 
minimizer for the noisy input data considered in this study. The results obtained 
in this study are interesting and useful, and they can be extended to more general 
parabolic equations with singular coefficients.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

In this study, we investigate the existence, uniqueness, stability, and convergence of a solution to an 
optimal control problem that corresponds to a nonlinear inverse coefficient problem associated with two-
dimensional heat conduction. The definite domain is of circular or sectorial type, so it is convenient to 
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adopt the system of polar coordinates. In other words, the domain can be transformed into a rectangle. Our 
task is to identify the radiative coefficient by using the extra condition specified at an internal line. Inverse 
problems of this type have important applications in several fields of applied science. The problem can be 
stated in the following form.

Problem P. Consider an initial–boundary value problem of second order parabolic equation as follows

⎧⎪⎪⎨
⎪⎪⎩

ut − Δu + q
(√

x2 + y2
)
u = f̃(x, y, t), (x, y) ∈ Ω̃, t ∈ (0, T ],

u|∂Ω̃×(0,T ] = 0,
u|t=0 = ϕ̃(x, y), (x, y) ∈ Ω̃,

(1.1)

where Ω̃ ⊂ R
2 is a circular sector. By using the polar coordinates transformation

r =
√

x2 + y2, θ = arctan
(y
x

)
,

the equation (1.1) can be rewritten in the following form:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

ut − 1
r

∂
∂r (r ∂u

∂r ) − 1
r2

∂2u
∂θ2 + q(r)u = f(r, θ, t), (r, θ) ∈ Ω, t ∈ (0, T ],

u|θ=0 = u|θ=Θ = u|r=R = 0,
limr→0+ r ∂u

∂r = 0,
u|t=0 = ϕ(r, θ),

(1.2)

where Ω = (0, R) × (0, Θ), f(r, θ, t), and ϕ(r, θ) are given smooth functions

f(r, θ, t) = f̃(r cos θ, r sin θ, t), ϕ(r, θ) = ϕ̃(r cos θ, r sin θ),

and q(r) is an unknown radiative coefficient that needs to be determined. Assume that an additional 
condition is given as follows:

u(r, θ0, T ) = g(r), (1.3)

where θ0 is a fixed angle in (0, Θ) and g(r) is a known function. We determine the functions u and q that 
satisfy (1.2)–(1.3).

In this study, we only consider the homogeneous Dirichlet boundary condition in (1.1).
The parameter q (in general, q < 0) arising in (1.1) is called the reproduction coefficient, which can 

be used to determine the critical size of the domain. In the case where q > 0, the mathematical model 
can be used to describe the heat transfer process. In addition to the heat source f , the zeroth-order term 
qu is also treated as a heat source, which depends on both the location and temperature. In fact, when 
q > 0, the decrease in the temperature is faster than the case where q = 0, which is similar to the thermal 
radiation phenomena in high temperature conditions. Thus, the parameter q is also referred to as the 
radiative coefficient in some previous studies, e.g., [31].

Inverse coefficient problems for parabolic equations have been studied comprehensively previously, see [2,
9,17,22,24]. The inverse problem of identifying the radiative coefficient q(x) in the following heat conduction 
equation

ut − Δu + q(x)u = f(x, t), (x, t) ∈ Q,
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