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1. Introduction and results

Jordan’s classical concept of bounded variation was generalized by many authors and in various
ways (see [1]). In particular, Waterman had introduced the notion of a function of A-bounded variation
(see [18-20]).

Let A = {\,} be a non-decreasing sequence of positive numbers such that > 1/),, diverges. We say that
a real-valued 1-periodic function f on [0,1] is of A-bounded variation (ABV) if

Vi) = sup > L <o
n=1 n

where the supremum is taken over all sequences Z = {I,,} = {[an, b} of non-overlapping intervals in [0, 1],
f(In) = f(bn) — f(an). It is obvious that if all A, = 1, {1}BV coincides with the class BV of functions of
the usual bounded variation.
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Let w(t) be a modulus of continuity, i.e., a continuous, subadditive, and nondecreasing function on
[0, +-00) satisfying w(0) = 0. For 1 < p < oo, denote by Hy = H,‘f(t) the class of 1-periodic functions for
W(ﬁt)p

which ||| me := || f[lp + sup oGy~ < 00, where
>0
) 1
W(fit)y = { SUPg<p<t {fo |f(x+h) - f(:c)|pdx} ; 1<p<oo,
SUPo<hn<t SUPze[0,1] |f(z+h) — f(z)], p =00

is the L, modulus of continuity of f. We write H instead of HY and H; (0 < a < 1) instead of
Hzﬁa = Lip(a, p), the Lipschitz class, for brevity. It is well known that for each modulus of continuity w
there exists a concave modulus of continuity w* such that w(t) < w*(t) < 2w(t) for ¢t € [0,00). Then
H}‘;’ = HI‘;’*. In what follows, we always assume 0 < o < 1.

In recent years, much attention is drawn on the relationship of the class ABV and the Lipschitz class H; .
Sharp estimates of the L,-modulus of continuity (1 < p < c0) of a function in terms of its A-variation were
obtained in [14,5,6]. Furthermore, Goginava gave the necessary and sufficient condition for the inclusion of
the class ABV in the class H' (1 <p < oo) (see [2]):

. . ml/p 1/ 1
ABV c H? ifandonly if max —m——— =0 (n/Pw | — as n — oo.
P 1<m<n Zkzl 1/)\k n

This result was later generalized in [4,3,17,16].
On the other hand, the reverse embedding is also investigated. For p = co, Medvedeva showed in [10] that

a sufficient and necessary condition for the embedding H* C ABV is that > -, wf\tk’“) < oo for any sequence
{te}5°,, te > 0, D02t < 1. The present author studied the embedding Hy C ABV for 1 < p < o0
in [15], and showed that a sufficient and necessary condition for the embedding H,' C {nPIBV,1<p<oo
is a > max{1/p,1 — §}. Furthermore, Lind proved in [7] that for 1 < p < 0o, 1/p < a < 1, the embedding
Hy C ABV holds if and only if

2w,+1

> 1 '\ /P 11
S5 () ) <
where p’ = p%l, r= a+]_/p’ and r’ = m. We remark that (1.1) cannot be extended directly to H,’ for

general modulus w.

This paper is devoted to investigating the embedding H;' C ABV, 1 < p < oo under some mild restriction
on w. The condition w(t) = O(t'/P) is necessary for the embedding (see [15]). We say that a nonnegative
function ¢ on [0,00) satisfies Condition (P) if there exist positive constants v, Ci, Cy and 7 € (0,1)
independent of ¢ > 0 such that for any 0 < t; < 5,

e(t)ty T < Crop(ta)ty” and  @(t)t] ' > Cop(ta)ts

hold. We suppose that the functions w(t) and wy(t) = t~/Pw(t) satisfy Condition (P). This restriction on
w is justified so that functions in H;’ can be modified on a set of zero measure to be continuous, see [13].
A prototype of functions of w is w(t) = t**/P(1 4+ (In1/t),)?, 0 < § < 1 —1/p, B € R, where a; = a if
a > 0 and ay = 0 if a < 0. We shall show in Section 3 that the above wy is comparable with a concave
modulus of continuity ;.

Let b1~ (t) := sup{z | ¥1(z) < t, © € [0,00)} be the right inverse function on [0, 00) of ;. Then J; ~*
is convex and increasing on [0, 00) with «j; ~1(0) = 0. Let ¢ be the complementary function of «; !, i.e.,

Y(z) = sup{|z|y — w1 (y)}, * € R. Then () is also convex and increasing on [0, 0o) with 1(0) = 0.
y>0
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