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1. Introduction and main results

Let N be the set of positive integers and Ny = NU {0}. For every function f : [0,1] — R and any n € N,
the nth Bernstein polynomial of f is defined by

Bn(f,x):kZ;(Z)f(%) P —z)" k2 elo,1]. (1)

In several problems related with the behaviour of Bernstein polynomials, it is necessary to estimate the
moments and the absolute moments respectively defined by

un,k(x)an((el—x)k,x), neN, xe€][0,1], k€ Ny, (2)
and

M, (x) :Bn<|el —m\r,x), neN, xe€[0,1], r>0, (3)
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where e;(t) = t. For instance, it is known [6, Th. 2.3] that, for 0 < a < 1,

sup |Bn(f, ) — f(z)] = Mn,oc(x)7
feLip®[0,1]

where Lip®[0, 1] is the family of all functions f : [0,1] — R such that

@) —fWl <lz—yl*,  xzyel01]

For multivariate Bernstein polynomials, we refer the reader to [10]. On the other hand, Bernstein [1] was
the first to note that the central moments p, j, are important to obtain Voronovskaja’s type theorems. In
this respect, the following inequalities are known

k! 1
n < — 1-— ), 11—zt < —, 1, Bernstein],
|ten ik (z)] < /3 OXP (m( x) max{z x} Tn [1, Bernstein]
klnl/s

[pn ik (z)| < (IHW’ x €[0,1], n>2, [16, Veselinov],

nlnn

Ay, _
tn2k(x) < g z € 10,1], [8, p. 15, Lorentz|,

k
1-— B B
fin20(2) < Ag <u) , B>0,—<z<1-=, [2 Ditzan],
n n n
Agz(1 —
ltnk+1(z)| < w, nr(l —z) <1, [3, Gavrea—Ivan]
1 1 *
M, (z) < Ay <max {—, u}) , x€]0,1], [9, Lorentz],
n n
k)2
1—
M, p(x) < Ag <u> , nr(l—xz) > 1, [15, Telyakovskii],
n

where n € N, k € Ny, and Ay, is an unspecific constant only depending upon k.

The aim of this paper is to improve the aforementioned inequalities by providing explicit estimates both
for the moments and the absolute moments of Bernstein polynomials. As an application, we discuss in the
final section generalized Voronovskaja’s formulae for such polynomials. The following are our main results.

Theorem 1. For any n € N, x € [0,1], and r > 0, we have

r
Mn,r('r) <2r (5 + 1) nr/2’

where T'(+) stands for the gamma function.

Theorem 2. In the setting of Theorem 1, for any é € (0,1), one has

Mnr(z) <2 ((W)T/QF (5+1)+ (5(12 5)>r r(;;;)) e

In particular, we have for any k € N

) =2 <<%)kk' i <5<12_ 5)>2k (i]?!> i3
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