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We give various explicit estimates for the moments and the absolute moments of 
Bernstein polynomials. Asymptotically, such estimates are not far from optimality, 
specially for high moments. As an application, generalized Voronovskaja’s formulae 
for Bernstein polynomials are discussed.
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1. Introduction and main results

Let N be the set of positive integers and N0 = N ∪ {0}. For every function f : [0, 1] → R and any n ∈ N, 
the nth Bernstein polynomial of f is defined by

Bn(f, x) =
n∑

k=0

(
n

k

)
f

(
k

n

)
xk(1 − x)n−k, x ∈ [0, 1]. (1)

In several problems related with the behaviour of Bernstein polynomials, it is necessary to estimate the 
moments and the absolute moments respectively defined by

μn,k(x) = Bn

(
(e1 − x)k, x

)
, n ∈ N, x ∈ [0, 1], k ∈ N0, (2)

and

Mn,r(x) = Bn

(
|e1 − x|r, x

)
, n ∈ N, x ∈ [0, 1], r > 0, (3)

* Corresponding author.
E-mail addresses: adell@unizar.es (J.A. Adell), jbusta@fcfm.buap.mx (J. Bustamante), jquesada@ujaen.es (J.M. Quesada).

http://dx.doi.org/10.1016/j.jmaa.2015.05.020
0022-247X/© 2015 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.jmaa.2015.05.020
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:adell@unizar.es
mailto:jbusta@fcfm.buap.mx
mailto:jquesada@ujaen.es
http://dx.doi.org/10.1016/j.jmaa.2015.05.020
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2015.05.020&domain=pdf


J.A. Adell et al. / J. Math. Anal. Appl. 432 (2015) 114–128 115

where e1(t) = t. For instance, it is known [6, Th. 2.3] that, for 0 < α ≤ 1,

sup
f∈Lipα[0,1]

|Bn(f, x) − f(x)| = Mn,α(x),

where Lipα[0, 1] is the family of all functions f : [0, 1] → R such that

|f(x) − f(y)| ≤ |x− y|α, x, y ∈ [0, 1].

For multivariate Bernstein polynomials, we refer the reader to [10]. On the other hand, Bernstein [1] was 
the first to note that the central moments μn,k are important to obtain Voronovskaja’s type theorems. In 
this respect, the following inequalities are known

|μn,k(x)| ≤ k!
nk/2 exp

(
x(1 − x)

)
, max{x, 1 − x} ≤ 1√

n
, [1, Bernstein],

|μn,k(x)| ≤ k!n1/5

(n lnn)k/2
, x ∈ [0, 1], n ≥ 2, [16, Veselinov],

μn,2k(x) ≤ Ak

nk
, x ∈ [0, 1], [8, p. 15, Lorentz],

μn,2k(x) ≤ Ak

(
x(1 − x)

n

)k

, B > 0, B
n

≤ x ≤ 1 − B

n
, [2, Ditzian],

|μn,k+1(x)| ≤ Akx(1 − x)
nk

, nx(1 − x) ≤ 1, [3, Gavrea–Ivan]

Mn,k(x) ≤ Ak

(
max

{
1
n
,

√
x(1 − x)

n

})k

, x ∈ [0, 1], [9, Lorentz],

Mn,k(x) ≤ Ak

(
x(1 − x)

n

)k/2

, nx(1 − x) ≥ 1, [15, Telyakovskii],

where n ∈ N, k ∈ N0, and Ak is an unspecific constant only depending upon k.
The aim of this paper is to improve the aforementioned inequalities by providing explicit estimates both 

for the moments and the absolute moments of Bernstein polynomials. As an application, we discuss in the 
final section generalized Voronovskaja’s formulae for such polynomials. The following are our main results.

Theorem 1. For any n ∈ N, x ∈ [0, 1], and r > 0, we have

Mn,r(x) ≤ 2 Γ
(r

2 + 1
) 1
nr/2 ,

where Γ(·) stands for the gamma function.

Theorem 2. In the setting of Theorem 1, for any δ ∈ (0, 1), one has

Mn,r(x) ≤ 2
((

2x(1 − x)
1 − δ

)r/2

Γ
(r

2 + 1
)

+
(

2
δ(1 − δ)

)r Γ(r + 1)
nr/2

)
1

nr/2 .

In particular, we have for any k ∈ N

μn,2k(x) ≤ 2
((

2x(1 − x)
1 − δ

)k

k! +
(

2
δ(1 − δ)

)2k (2k)!
nk

)
1
nk

.
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