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quasilinear where the diffusion coefficients may be degenerate on the boundary of the
domain. Three basic types of Dirichlet, Neumann and Robin boundary conditions

gjgzg}iﬁh reaction diffusion system are considered, and in each case some very simple conditions are obtained to ensure
Degenerate diffusion the dynamical behavior of the time-dependent solution in relation to some positive
Ratio-dependent reaction solutions or quasi-solutions of the steady-state problem, including the existence
Dynamical behavior of these solutions. This dynamical behavior leads to the coexistence and global
Global attractor attractor of the food-chain systems. In the case of Neumann boundary condition
Stability sufficient conditions are given to ensure that the steady-state problem has a unique

positive constant solution which is a global attractor of the time-dependent system.
© 2015 Published by Elsevier Inc.

1. Introduction

Understanding of spatial and temporal behavior of interacting species in ecological systems is a major
concern in population dynamics. One important aspect of the problem is whether the various species in the
system can persist at a coexistence state or even approach to a steady state. In the case of inhomogeneous
environment the various population densities are governed by reaction diffusion equations, and the existence
of a positive solution and its asymptotic behavior are of great concern in the ecological system. However,
most of the reaction diffusion equations studied in the current literature are for semilinear parabolic and
elliptic equations where the diffusion coefficients are density independent. In this paper, we investigate
a coupled system of three reaction diffusion equations for some food-chain models where the diffusion
coeflicients are density-dependent and the reaction functions are ratio-dependent. Furthermore, the effect
of diffusion may be degenerate when the boundary condition is of Dirichlet type. The system of equations
under consideration is given in the form
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ou/ot — dy () Au™ = ulag —byu — c1v/ (u + pyv)]

Ov/0t — dg () Av™2 = v [—ag + bau/ (u + p2v) — cow/ (phv +w)] (>0, z€Q)

Ow/ot — ds (x) Aw™3s = w[—a3 + b3v/ (u3v + w)]

a10u/Ov + f1u =0, adv/0v+ Bov =0, azdw/Ov+ psw=0 (t>0, z¢€dN)

w(0,2) =& (2), v(0,2) =& (), w(0,2)=2E(2), (r €9Q) (1.1)

where Q is a bounded domain in R? with boundary 09 (p = 1,2,...), 9/0v denotes the outward normal
derivative on 09, and for each i = 1,2,3, d; (r) = C®(Q) and is positive in Q = Q U 99, and m;, a;,
bi, ¢iy i and ph are positive constants with m; > 1. (However, ¢ and p; are allowed to be zero.) The
boundary coefficients a; and 3; are nonnegative constants with «; + 3; > 0. This includes the three basic
types of Dirichlet (a; = 0, 5; = 1), Neumann (a; = 1, 5; = 0) and Robin condition (a; = 1, 8; > 0).
The initial function &; (z) is assumed to be positive in  and satisfies the boundary condition in (1.1). The
above system describes the interaction among the three population species (u,v,w) where the u-species
is a prey, the v-species is a predator on u, and w-species preys on v. This type of one-prey two-predator
model is often referred to as simple food-chain model (cf. [1,6,12,13]). The term Aw;" with m; > 1 for
(u1,us,u3) = (u,v,w) implies that the diffusion rate of the w;-species from high density region to low
density region is slow and it models a tenancy of avoid crowding (cf. [17,23]).

To investigate the dynamics of the system (1.1) we need to consider the corresponding steady-state
problem which is given by the quasilinear elliptic system

—dy () Au™ =ula; —bju — c1v/ (u + 1)

—ds () Av™2 = v[—as + bou/ (u + pov) — cow/ (uhv + w)] (x € )
—d3 () Aw™? = w [—as + bsv/ (uzv + w)]
a10u/ov + Pru =10, a0v/0v+ Pav =0, a3z0w/dv+ Psw=0 (x€ IN) (1.2)

Since Problem (1.1) may be considered as a density-dependent reaction diffusion system with the density-
dependent coefficients D; (u;) = m;u["~* this system is degenerate on the boundary when m; > 1.

By allowing ¢; = 0 in (1.1) and (1.2) the time-dependent problem is reduced to a coupled system of
one-prey one-predator problem in the form

Ou/ot — dy () Au™ = ula; — biu — c1v/ (v + p1v)]

v /0t — da () Av™2 = v [—ag + bau/ (u + ugv)] (t>0, z€Q)
a1 0u/ov + fru=0, adv/0v+ Bv =0 (t>0, =€)
U (0"r) =& (x) » U (va) =& (l‘) (l‘ € Q) (13)

while the steady-state problem (1.2) becomes

—dy () Au™ =ula; —byu — c1v/ (u + p1v)]
—da (x) Av™2 = v [—ag + bau/ (u + pav)] (x € Q)
a10u/ov + Bru =10, ax0v/0v+ Bov =10 (x € 0) (1.4)

The above systems for the semilinear case m; = my = 1 have also been investigated by many workers (cf.
(3,4,9,16,15,21,22,25,27,26,29]). We shall deduce some conclusions for the system (1.3) and (1.4) from the
discussion of the three-species models (1.1) and (1.2).
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