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(Va, Eq) is a simple connected graph, then the eccentric distance sum (EDS) of
G is defined as £€4(G) = > vevg €G(v)Da(v), where ec(v) is the eccentricity of the

g:ggﬁz:isaistancc sum vertex v and D (v) = 3, cv,, da(u,v) is the sum of all distances from the vertex v.
Bipartite graph Much extremal work has been done on trees with some given parameters by Yu
Matching number et al. (2011) [25], Li et al. (2012) [19], and Geng et al. (2013) [6]. It is natural to
Diameter consider this extremal problem on bipartite graphs with some given parameters. In
Connectivity this paper, sharp lower bound on the EDS in the class of all connected bipartite

graphs with a given matching number ¢ is determined, the minimum EDS is realized
only by the graph Ky ,—4. The extremal graph with the minimum EDS in the class
of all the n-vertex connected bipartite graphs of odd diameter is characterized. All
the extremal graphs having the minimum EDS in the class of all connected n-vertex
bipartite graphs with a given vertex connectivity are identified as well.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

In this paper, we consider connected, simple and undirected graphs. We follow the notation and termi-
nology in [2] except if otherwise stated.

Let G = (Vi, E¢) be a graph with u,v € V. Then G — v, G — uv denote the graph obtained from G by
deleting vertex v € Vi, or edge uv € Eg, respectively (this notation is naturally extended if more than one
vertex or edge is deleted). Similarly, G + wv is obtained from G by adding an edge uv ¢ Eq. The distance,
de(u,v) between two vertices u, v of G is the length of a shortest u—v path in G. The eccentricity eg(v)

* Financially supported by the National Natural Science Foundation of China (Grant Nos. 11271149, 11371162), the Program
for New Century Excellent Talents in University (Grant No. NCET-13-0817) and the Special Fund for Basic Scientific Research of
Central Colleges (Grant No. CCNU13F020).

* Corresponding author.

E-mail addresses: 1i@mail.ccnu.edu.cn (S.C. Li), 2951088493Qqq.com (Y.Y. Wu), sunlingli@mail.hzau.edu.cn (L.L. Sun).

http://dx.doi.org/10.1016/j.jmaa.2015.05.032
0022-247X/© 2015 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.jmaa.2015.05.032
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:li@mail.ccnu.edu.cn
mailto:2951088493@qq.com
mailto:sunlingli@mail.hzau.edu.cn
http://dx.doi.org/10.1016/j.jmaa.2015.05.032
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2015.05.032&domain=pdf

1150 S.C. Li et al. / J. Math. Anal. Appl. 430 (2015) 1149-1162

of a vertex v is the distance between v and a furthest vertex from v. The diameter of GG is defined as the
maximum of the eccentricities of vertices of (G, whereas the radius of G is the minimum of the eccentricities
of vertices of G.

The join G + G2 of two vertex disjoint graphs G; and G5 is the graph consisting of the union G; U G,
together with all edges of the type xy, where x € Vi, and y € Vg,. For & > 3 vertex disjoint graphs
G1,Gs, ..., Gy, the sequential join G1+ G2+ - -+ Gy, is the graph (G1+G2)U(G2+G3)U- - -U(Gg—1 +Gy).
The sequential join of k disjoint copies of a graph G will be denoted by [k]G, the union of k disjoint copies
of G will be denoted by kG, while [s]G1 + G2 + [t]G5 will denote the sequential join G1 + Gy + - + G1 +

S

Go+ Gz +Gs+ -+ Gs.

A bipartite ;mph G is a simple graph, whose vertex set Vi can be partitioned into two disjoint subsets
V1 and V5 such that every edge of G joins a vertex of V3 with a vertex of V5. A bipartite graph in which
every two vertices from different partition classes are adjacent is called complete, which is denoted by Ky, »,
where m = |Vi|, n = |Va|. For convenience, let <77 be the class of all connected bipartite graphs of order n
with matching number ¢; ¢ be the class of all connected bipartite graphs of order n with diameter d;
@,7 be the class of n-vertex connected bipartite graphs with connectivity s.

For a vertex subset S of Vi, denoted by G[S] the subgraph induced by S. Denote by P, and K,, the
path and complete graph on n vertices, respectively. For a real number z we denote by |z] the greatest
integer < z, and by [x] the least integer > x.

A graph G is called k-connected if |Vg| > k and G — X is connected for every set X C Vi with | X| < k.
The connectivity £(G) of G is the maximum value of k for which G is k-connected. G is 1-connected if and
only if it is connected; equivalently, x(G) = 0 if and only if it is disconnected.

A wvertex (edge) independent set of a graph G is a set of vertices (edges) such that any two distinct
vertices (edges) of the set are not adjacent (incident on a common vertex). A vertex (edge) independent
number of G, denoted by «(G) (o/(G)) is the maximum of the cardinalities of all vertex (edge) independent
sets. A wvertex (edge) cover of a graph G is a set of vertices (edges) such that each edge (vertex) of G is
incident with at least one vertex (edge) of the set. A vertex (edge) cover number of G, denoted by 5(G)
(8'(G)) is the minimum of the cardinalities of all vertex (edge) covers. When we consider an edge cover of
a graph, we always assume that the graph contains no vertices whose degree is 0. It is known that for a
graph G of order n, o(G) + B(G) = n and o/ (G) + §'(G) = n. For a bipartite graph, we have o/ (G) = 8(G)
and a(G) = f/(G).

The study of distances between vertices of a tree probably started from the classic Wiener index [24],
which is one of the most well used chemical indices that correlate a chemical compound’s structure (the
“molecular graph”) with the compound’s physical-chemical properties. The Wiener index, introduced in
1947, is defined as the sum of distances between all pairs of vertices, namely that

WG = > de(uv).

{u,v}CVqg

For more results on Wiener index one may be referred to those in [4,10,12,17] and the references cited
therein.

A weighted graph (G, w) is a graph G = (Vg, E¢) together with the weight function w : Vg — NT. The
Wiener index W(G, w) of (G,w) is then defined as

WG w) =5 Y ww) @ we)d(uv), (1.1)

ueVg veVg
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