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1. Introduction

The study of closed invariant subspaces of the Hardy space H?(D) with respect to the multiplication
operator M, forms a beautiful chapter in operator theory. In particular, Beurling’s theorem has been the
source of inspiration for many important works. The purpose of this paper is to introduce and study a
new class of M, invariant linear subspaces, not necessarily closed but including those closed ones, called
invariant domains.

As function theory plays a dominating role in the scalar-valued function spaces, more techniques are
developed to study invariant subspaces in vector-valued spaces. A closed linear subspace M of H @ CV,
where H is a Hilbert space of holomorphic functions with point-wise evaluation, is called an ‘nvariant
subspace if it is invariant under M, ® I where I denotes the identity operator on C. Our study of invariant
domain makes a reasonable connection between the operator theory in H and in H ® CV, and is motivated,
in a large part, by the transitive algebra problem which extends the well-known invariant subspace problem.
We refer the readers to [7] for a nice introduction to the transitive algebra problem and some related topics.

Arveson [1] reduces the transitive algebra problem to the question of determining the structure of a
special kind of invariant subspaces in H @ CV, called graph invariant subspaces (GIS) (see Section 5 for
more details).
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Definition 1. An invariant subspace M of H®@CY (N > 2) is called a graph invariant subspace (GIS) if there
exist linear transformations 71, - --,Tn_1, not necessarily bounded, defined on a nonzero linear manifold D
in H, such that

M:{(faTlfa"'yTN—lf):feD}
with respect to a fixed base {ey,---,enx} of CV.

Since M is invariant under M., D is a z-invariant linear manifold and each T, called a graph transfor-
mation, commutes with M. It is easy to see, by the closed graph theorem, that D is closed if and only if
every graph transformation is bounded. Apart from the transitive algebra problem which will be discussed
in more details in later sections, GIS serves as an effective tool to study unbounded operators on function
spaces and we refer to [9] for a discussion of closed operators via their graphs on the Hardy space.

Remark 2. One can define in a more generalized way so-called k-graph invariant subspaces, which are
invariant subspaces in H ® CN(N > 2) of the form

M={(f1, - e To(fr, - o)y Inew(fr, - fo) = (fr, -+, fr) € D}

where D is a linear manifold in HQCF and T1, - - -, T, are linear transformations on the first & coordinates.
Every invariant subspace in H ® CV can be viewed as a k-graph invariant subspace where 1 < k < N. In
particular, it is an N-graph invariant subspace if no such graph transformations exist. In this paper we only
consider GIS, or 1-GIS and it is sufficient for the transitive algebra problem on H, as we will illustrate in
Section 5.

Definition 3. A linear manifold D in H is called an invariant domain if there exists a GIS M C H @ CV
such that

M=A{(f,11f,---, Tn-1f): f € D}.

Coming from invariant subspaces in H ® C¥, the invariant domain is a reasonable generalization of
invariant subspaces in H. First observe that any invariant subspace in H is automatically an invariant
domain, corresponding to a GIS with bounded graph transformations commuting with M,. We also point
out that invariant domains, though not necessarily closed, are operator ranges. Operator ranges by definition
are ranges of bounded operators and enjoy certain properties of closed subspaces distinguishing them from
arbitrary linear manifolds (see [3]).

To be precise, to a nonzero vector e in CV and an invariant subspace M C H ® CV, one can associate a
natural operator range Pyg. M, where Pyg. denotes the projection onto H ®e, called the slice of M respect
to e (or e-slice for short). Since M is invariant under M, ® I, the slice PygeM, which can be identified
with a linear manifold of H in an obvious way, is invariant under M,. In particular, the invariant domain
of a graph invariant subspace M is the slice Prg., M. Besides invariant domains, we will also present some
results on how slices are related to the structure of invariant subspaces in H @ CV.

The present paper begins with a Beurling-type characterization of invariant domains in the Hardy space
H?(D). The characterization enables us to study operations on invariant domains in H?(ID), which is partially
inspired by corresponding results for operator ranges in [3]. We complement the study on invariant domains
by passing to general slices on an arbitrary function space and relate it to the transitive algebra problem.
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