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Submitted by Y. Yamada allowed to degenerate in the sense that a = 8 = b in Q\ D where D C Q is such that

D = Dy U Do, DiNDy = @, D1 and D2 are non-empty open connected sets with

gsg:‘;(i)gziiiffusion equations Lipschitz-continuous boundaries and a < b in D. For € small, we prove existence
Patterns of four families of stable stationary solutions u. approaching the roots of f in the
Stable equilibria topology of L. Our approach is variational and based on I'-convergence theory.
I'-convergence © 2015 Published by Elsevier Inc.
Degenerated heterogeneous
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1. Introduction and main result

The main concern in this paper is to prove existence of nonconstant stable stationary solutions — herein
referred to as patterns, for short — to the reaction—diffusion problem

up = Au+ f(u, ), (t,z) € RT x Q

gu =0, (t,z) € Rt x 9Q

(1)

where 2 C R™ (n > 1) is an open connected bounded set with C? boundary, € is a small positive parameter,
v denotes the outer unit normal to 92 and f(u,x) is defined by

flu,2) = —(u = a(@))(u = 0(x))(u - b(x)) (2)

where 0(z) = [a(z) +b(x)]/2 and a < b in Q. The novelty here lies in the fact that the roots of f are allowed
to degenerate in the sense described below.
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Let D C Q be such that D = Dy U Dy, D; N Dy = (), where D; and D5 are open and connected sets with
Lipschitz-continuous boundaries and set

D; ¥ 0\ D.

The roots of f are required to satisfy

(f1) a,0,b € C(Q)NCYHUE,D;), Cl-bounded in Dy, Dy and D3 and a =@ = b in D3,
(f2) a<bin D.

Note that a and b may not be differentiable across €2 N dD3 and the sets D; and Dy may be located in €2
in such way that one of the following situations may occur

e 0D;NON (j =1,2) are sets of positive measure,
e 0D;NON =10 (j =1,2) or, eg.,
e OD; N ON is a set of positive measure and HD, N ON = ().

Given the vast bibliography concerning problem (1) in the case when a,b, 6 are constant functions, in
order to set our work in perspective we will only mention those works closely related to ours which consider
the roots of f to be non-constant functions, i.e., spatially heterogeneous.

In [8] the author showed existence of patterns for the corresponding one-dimensional problem u; —&2u,, =
ula(z) —v?] in (0,1) under the boundary conditions u,(0) = u,(1) = 0 where a € C(0, 1) is a positive
function assuming a minimum on an interval I C (0,1) satisfying o/(z) = 0, x € I. Hence « assumes
a positive minimum value all over I. The method utilized was a Brezis—Nirenberg sub-supersolution type
adapted to Neumann boundary condition.

In [9] the author also studied the same unidimensional problem when « is smooth and, as opposed to [8],
nondegenerate, i.e. o/’ > 0 at each local minimum of «.

In [7] the authors considered €2Au + (a(x)? — u?)u = 0, x € Q with zero Neumann boundary condition
in the special case a(r) = xp(z) where D C Q is a sub-domain satisfying D = D; U Do, Dy N Dy = (),
0DNQ C Q and 0Dy, 9D, are of class C2. For sufficiently small ¢ > 0, they proved existence of a local
minimizer u, of the corresponding energy functional J(u) on H*(2) with the following asymptotic behavior:
ue converges to 1 uniformly on any compact subset of D1, converges to —1 uniformly on any compact subset
of Dy and converges to 0 uniformly on any compact subset of Q\ (D).

The results we present herein generalizes [7] in many ways; in particular since we do not require
0D NQ C Q, this answer a question raised at the end of [7] as to whether this condition is necessary.

Given a function u € L' (Q2) we will use the following notation

uPr p,, 1e{1,2,3).
Recalling that a = 8 = b on D3, our main result states as follows.

Theorem 1. If f satisfies (f1) and (f2) then 3 €9 > 0 and four families of classical stable stationary solutions
{ug}0<€<60 (j=1,...,4) to (1) such that

0
o |lul - u(1)||L1(Q) %0 where uy = axp, +bxp, + 0xps,

o Ju? = udllra) %0 where u = bxp, +axp, + 0xp,,
o Jud = udlleo) 00 where ud = a,
o Jlud - ué”Ll(Q) =90 where ug = b.
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