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We investigate discretizations of the integrable discrete nonlinear Schrödinger 
dynamical system and related symplectic structures. We develop an effective scheme 
of invariant reducing the corresponding infinite system of ordinary differential 
equations to an equivalent finite system of ordinary differential equations with 
respect to the evolution parameter. We construct a finite set of recurrent algebraic 
regular relations allowing to generate solutions of the discrete nonlinear Schrödinger 
dynamical system and we discuss the related functional spaces of solutions. Finally, 
we discuss the Fourier transform approach to studying the solution set of the discrete 
nonlinear Schrödinger dynamical system and its functional–analytical aspects.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

With its origins going back several centuries, discrete analysis becomes now an increasingly central 
methodology for many mathematical problems related to discrete systems and algorithms, widely applied 
in modern science. Our theme, being related to studying integrable discretizations of nonlinear integrable 
dynamical systems and the limiting properties of their solution sets, is of deep interest in many branches 
of modern science and technology, especially in discrete mathematics, numerical analysis, statistics and 
probability theory as well as in electrical and electronic engineering. In fact, this topic belongs to a much 
more general realm of mathematics, namely to calculus, differential equations and differential geometry. 
Thereby, although the topic is discrete, our approach to treating this problem will be completely analyti-
cal.

In this work we will analyze the properties of discrete approximation for the nonlinear integrable 
Schrödinger (NLS) dynamical system on a functional manifold M̃ ⊂ L2(R; C2):
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d
dtψ = iψxx − 2iαψψψ∗,

d
dtψ

∗ = −iψ∗
xx + 2iαψ∗ψψ∗

⎫⎬
⎭ := K̃[ψ,ψ∗], (1.1)

where, by definition (ψ, ψ∗)ᵀ ∈ M̃ , α ∈ R is a constant, the subscript “x” means the partial derivative with 
respect to the independent variable x ∈ R, K̃: M̃ → T (M̃) is the corresponding vector field on M̃ , t ∈ R

is the evolution parameter and, finally, L2(R; C2) is the space of square-integrable functions R → C
2. The 

system (1.1) possesses a Lax type representation (see [20]) and is Hamiltonian

d

dt
(ψ,ψ∗)ᵀ = −θ̃ grad H̃[ψ,ψ∗] = K̃[ψ,ψ∗] (1.2)

with respect to the canonical Poisson structure θ̃ and the Hamiltonian function H̃, where

θ̃ :=
(

0 −i

i 0

)
(1.3)

is a nondegenerate mapping θ̃: T ∗(M̃) → T (M̃) on the smooth functional manifold M̃ , and

H̃ := 1
2

∫
R

dx
[
ψψ∗

xx + ψxxψ
∗ − 2α(ψ∗ψ)2

]
(1.4)

is a smooth mapping H̃: M̃ → C. The corresponding symplectic structure [4,5,8,7] for the Poisson operator 
(1.3) is defined by

ω̃(2) := − i

2

∫
R

dx 〈(dψ, dψ∗)ᵀ,∧ θ̃−1(dψ, dψ∗)ᵀ〉 =

= −i

∫
R

dx [dψ∗(x) ∧ dψ(x)] , (1.5)

which is a nondegenerate and closed 2-form on the functional manifold M̃ .
The simplest spatial discretizations of the dynamical system (1.1), defined by

d

dt
ψn = i

h2 (ψn+1 − 2ψn + ψn−1) − 2iαψnψnψ
∗
n,

d

dt
ψ∗
n = − i

h2 (ψ∗
n+1 − 2ψ∗

n + ψ∗
n−1) + 2iαψ∗

nψnψ
∗
n (1.6)

and

d
dtψn = i

h2 (ψn+1 − 2ψn + ψn−1) − iα(ψn+1 + ψn−1)ψnψ
∗
n,

d
dtψ

∗
n = − i

h2 (ψ∗
n+1 − 2ψ∗

n + ψ∗
n−1) + iα(ψ∗

n+1 + ψ∗
n−1)ψnψ

∗
n,

⎫⎬
⎭ := K[ψn, ψ

∗
n], (1.7)

are flows on some “discrete” submanifold Mh, where, by definition, {(ψn, ψ∗
n)ᵀ ∈ C

2: n ∈ Z} ⊂ Mh ⊂
lh,2(Z; C2). Here

lh,2(Z;C2) := {(ψn, ψ
∗
n)ᵀ, n ∈ Z :

∑
n∈Z

|ψn|2h < ∞} (1.8)

is the space of square-integrable complex vector-valued sequences with the invariant positive wage h > 0,
and K: Mh → T (Mh) is the corresponding vector field on Mh.
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