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1. Introduction

In this paper, we consider a class of elliptic problems with Hardy term and singular nonlinearity of the
following form:

—Au — #u = h(z)u=9 4 pW(z)uP in Q\{0},
u(z) >0 in Q\{0}, (1.1)
u(z) =0 on 09,
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where A is the Laplace operator and g > 0 is a parameter. 0 € Q C RV (N > 3) is a bounded domain with
smooth boundary 9, 0 < A < A = % and 0 < ¢ <1 < p< 2" —1, where 2* = 1\2,—1_\[2 is the so-called
critical Sobolev exponent. h(z) > 0 and W(z) is a given function with the set {z € Q : W(z) > 0} of positive
measure (that is, W > 0 or W changes sign). We will assume throughout the paper that h, W € C(Q).
The constant A = % is the best constant in the Hardy inequality (see [13, p. 1879, Theorem 1.2]

and apply it with v = 0):
/U—de < 1 / |Vul?dz  for all u € H}(R)
[z T A ’
Q Q

and it is not achieved. Consequently, when A < A, the operator —A — ﬁ is coercive in H}(2). This turns
out to be crucial, since [4, p. 124, Theorem 2.2] implies that if A > A, there is no nonnegative u, u # 0 such
that

—Au >0

TPt

and hence no solution of problem (1.1), even in the weak sense.
The general problem

—Au — #u = h(x)u" 4 pW(x)u? in Q\{0},
w(z) >0 in Q\{0}, (Pxu)
u(z) =0 on IN

has been studied extensively. When A =0, ¢ > 0, p > 1 and h,W =1, M.M. Coclite and G. Palamieri [11,
p. 1318, Corollary 4] showed that there exists ;11 > 0 such that problem (P, ,) has at least one solution for
every pu < pp and has no solution for any p > pq. Under different assumptions on p, ¢, h, W, J. Hernandez,
F.J. Mancebo and J.M. Vega [16] obtained similar conclusions for problem (P ,) (one can see pp. 56-59,
Theorem 3.21, Remark 3.22, Theorem 3.25(ii) and Theorem 3.29, and apply them with £ = —A). Fur-
thermore, the multiplicity of positive solutions was claimed for problem (P ,) with various p, ¢, h, W,
such as Y. Sun, S. Wu and Y. Long [22, p. 518, Theorem 1], Y. Sun and S. Li [20, p. 2637, Theorem 1]
and Y. Sun and S. Wu [21, p. 1263, Theorem 1; p. 1276, Theorem 2|. We also refer the interested readers
to [10,12,15-18] and the references therein for various results of solutions of problem (P, ) in the case of
A=0.When0 < A< A= %, 0<g<l<p=2*—1and h,W =1, by a scaling (see Appendix A(1)),
J. Chen and E.M. Rocha [9, p. 414, Theorem 1.1] proved that there exists o > 0 such that problem (P ;)
has at least two positive solutions for any p € (0, p2).

Observing these results above, we do not see any multiplicity of positive solutions about problem (P ;) in
the case of the Hardy term, singular nonlinearity ©~? and the weight functions h, W with W sign-changing,
so it is natural to ask what the case would be. Our goal of this paper is to show how variational methods
can be used to establish some existence and multiplicity results for problem (1.1) when u € (0,Ty) for some
T\ > 0 (see Theorem 1.1) and obtain uniform estimates for extremal values pu* = p*(N,Q, A, ¢,p) > 0 for
problem (1.1) provided h, W =1 (see Lemma 5.1 and Theorem 1.3).

On H{ (), we use the norm
A
ol = [ (19?2 ) o
o)



Download English Version:

https://daneshyari.com/en/article/4615019

Download Persian Version:

https://daneshyari.com/article/4615019

Daneshyari.com


https://daneshyari.com/en/article/4615019
https://daneshyari.com/article/4615019
https://daneshyari.com

