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A description of the Bloch functions that can be approximated in the Bloch norm 
by functions in the Hardy space Hp of the unit ball of Cn for 0 < p < ∞ is given. 
When 0 < p ≤ 1, the result is new even in the case of the unit disk.
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1. Introduction

Let D and T be, respectively, the unit disk and the unit circle of the complex plane C. For 0 < p < ∞, 
recall that the Hardy space Hp(D) is the space of analytic functions f in the unit disk such that

‖f‖pp = sup
0<r<1

2π∫
0

|f(reiθ)|p dθ

2π < +∞.

For p = ∞, H∞(D) is the space of all bounded analytic functions in the unit disk. Recall also that the 
Bloch space B(D) is formed by the analytic functions f on D such that

‖f‖B = sup
z∈D

(1 − |z|2) |f ′(z)| < ∞.
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In [10], a characterization of the closure in the Bloch norm of Hp ∩ B for 1 < p < ∞ was given in terms of 
the area of certain non-tangential level sets of the Bloch function: given a function f ∈ B and ε > 0 define 
the level set of f as

Ωε(f) := {z ∈ D : (1 − |z|2)|f ′(z)| ≥ ε}.

Recall that a Stolz angle with vertex in ζ ∈ T is the set

Γ(ζ) = Γα(ζ) := {z ∈ D : |z − ζ| < α

2 (1 − |z|)},

with α > 2, and that

Ah(Ω) :=
∫
Ω

dA(z)
(1 − |z|2)2 ,

where dA(z) is the area measure in D, represents the hyperbolic area of Ω ⊂ D. Then the result is the 
following:

Theorem A. Let f be a function in the Bloch space B and 1 < p < ∞. Then f is in the closure in the Bloch 
norm of B ∩Hp if and only if for any ε > 0 the function Ah(Γ(ζ) ∩ Ωε(f))1/2 is in Lp(T).

A basic tool in the proof of this result was the characterization of Hardy spaces in terms of the area 
function (a result due to J. Marcinkiewicz and A. Zygmund [9] for p > 1, and extended to the case 0 < p ≤ 1
by A. Calderón [3]), that is, for 0 < p < ∞, a function f is in Hp if and only if its corresponding Lusin 
Area function

A(f)(ζ) =

⎛
⎜⎝

∫
Γ(ζ)

|f ′(z)|2dA(z)

⎞
⎟⎠

1/2

is in Lp(T). The proof of Theorem A was based on a previous result by P. Jones on the closure of BMOA
in B (see [6]). The duality argument given in the proof in [10] cannot be used for 0 < p ≤ 1, so that this 
case requires of new techniques. In this paper we solve the case 0 < p ≤ 1. It turns out that the proof 
given works equally for all 0 < p < ∞, and furthermore, it may be done in the open unit ball Bn of the 
n-dimensional complex space Cn. The case p = ∞ is still an open problem, and will be discussed in the last 
section.

Now we are going to introduce some notation. For z, w ∈ C
n, let

〈z, w〉 = z1w̄1 + · · · + znw̄n.

Hence, |z|2 = 〈z, z〉. In this context, for 0 < p < ∞ the Hardy space Hp(Bn) consists of those holomorphic 
functions f on Bn such that

‖f‖pp = sup
0<r<1

∫
Sn

|f(rζ)|p dσ(ζ) < +∞,

where Sn denotes the unit sphere in Cn and σ is the normalized surface measure on Sn. As in the case for 
n = 1, for p = ∞ the corresponding space H∞(Bn) is the space of bounded holomorphic functions defined 
on Bn.
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