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1. Introduction

In [1], Arveson introduced the notion of finite, maximal, subdiagonal algebras A of M, as noncommu-
tative analogues of weak*-Dirichlet algebras, for von Neumann algebra M with a faithful normal finite
trace. Subsequently several authors studied the (noncommutative) HP-spaces associated with such algebras
[5,15,16,18,21-23]. Arveson [1] proved a Szegé type factorization theorem, of which some extensions can be
found in [23,13,20]. In [16] and [21] the authors studied the closure of A in the noncommutative LP-space
LP(M), as an analogue of the classical Hardy space HP(T). They obtained generalizations of several clas-
sical results, including a Riesz factorization theorem for H'(A), a Riesz—Bochner theorem on the existence
and boundedness of harmonic conjugates, a projection from LP(M) to HP(A), the duality between H?(A)
and H9(A), and continuity of the Hilbert transform from L'(M) into LY*°(M). In [17] the authors iden-
tified the dual of H'(A) with a noncommutative analogue of the BMO space as in Fefferman’s classical
result.

The main objective of this paper is to obtain a generalization of the results in [16,17,19,21], for the
semi-finite case.
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2. Preliminaries

Throughout this paper, we denote by M a semifinite von Neumann algebra on the Hilbert space H
with a normal faithful semifinite trace 7. A closed densely defined linear operator x in ‘H with domain
D(z) is said to be affiliated with M if and only if u*zu = x for all unitary operators u which belong to
the commutant M’ of M. If z is affiliated with M, then z is said to be 7-measurable if for every ¢ > 0
there exists a projection e € M such that e(H) C D(z) and 7(el) < ¢ (where for any projection e we let
et =1 —e). The set of all T-measurable operators will be denoted by M. The set M is a x-algebra with
sum and product being the respective closure of the algebraic sum and product. For a positive self-adjoint
operator x = fooo Adey (the spectral decomposition) affiliated with M, we set

T(z) = sup T(/n Adey) = 7)\7(@\).
0 0

For 0 < p < 00, LP(M) is defined as the set of all 7-measurable operators x affiliated with M such that
1
[z]l, = 7(|z[")? < oo.
In addition, we put L>(M) = M and denote by || - ||oc (= || - ||) the usual operator norm. It is well known

that LP(M) is a Banach space under ||.||, (1 < p < o0) satisfying all the expected properties such as duality.
For a 7-measurable operator x, we define the distribution function of x by

Ae(2) = T(e(t,00) (1), £20,

where ey o) (|7|) is the spectral projection of |z| corresponding to the interval (¢, 00).
The following elementary properties of the distribution function A(x) will be used.

Lemma 2.1. Let z,y € M.

() 10 <z <y, then A(x) < A(y).

(ii) If a € M is a contraction and x > 0, then M a*za) < A(z).

(iii) Ift,s € (0,00), then Asii(z+y) < As(x) + Ae(y)-
Proof. (i) and (ii) follow from (i) and (ii) of Lemma 3 in [6].

(iii) It is known, but for the convenience of the reader, we add a short proof. By Lemma 4.3 of [11], there
exist partial isometries u, v in M such that
la + b < ula|u® + v|blv*.

Using (i) we obtain that

T(€(t4s,00) ([a + b)) < T(€(t45,00) (ula|u” + v]b]v7))

for all ¢,5 € (0,00). Let £ € e(45,00) (ula|u® + v[bJv*)(H), ||| = 1. Then [|(u|aju* + v|blv*)E|| > s+ t. It
follows that ||ula|u*|| > s or ||v]|b|v*E]| > ¢, so that

€ & epo,(ulalu™)(H) M eg,s (v]blv™) (H).
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