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for all fi € LP (R) : fi € LP'(R), fo € LP*(R), and f3 € LPs(R). Mixed estimates
for some generalizations of C; 77" are also established.
© 2014 Elsevier Inc. All rights reserved.

1. Introduction

Many boundedness results have been obtained for singular multi-linear integrals with nonclassical sym-
bols, see e.g. [3,5-9,11,13,14]. One such example is a theorem due to Christ and Kiselev, which states that
the bilinear operator Cy"'®* initially defined on L'(R) functions by

Cov2(f1, fo)(z) = / f1(21) fo(wg)e?miw(amitasz2) gu. g,

z1<T2
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p1ph
extends to a continuous map from LP!(R) x LP2(R) into L71+72 (R), assuming 1 < py,ps < 2 and ay,ag # 0,
see [1,7]. Lacey and Thiele proved a wide range of LP estimates in [5] for a related operator called the
bilinear Hilbert transform given by the formula

BHT(f1, f2)(z) = Cy'' (f1, f2) (= / Fi(@1) fo(wa)e?™ @@ 4e2) duy dy,

r1<x2

after which boundedness was shown by Muscalu, Tao, and Thiele [9] for a trilinear variant of the BHT called
the Biest, which takes the form

Co M (fuy fo, f3)(2) = / fi(z1) fa(xa) fa(w3)e?m @@ He2t3) do) dao das.

r1<x2<T3

However, multi-linear integrals with sign degeneracies such as the operator

Cy "N, fa, f3) () = / Fi(@1) fa @) f3(w3) e (ote2b23) gy daro g

r1<x2<T3

are known to satisfy no L? estimates, see [7]. Despite this fact, we prove in Theorem 3 that there exists
a constant C,, ,, p, such that for all f; € LP'(R) satisfying f; € LP1(R) along with fo € L”?(R) and
f3 € LP3 (R),
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aslongas2 < p; < 00,1 < pa,p3 < 00, = + = <1 and 25 < 3/2. We also establish mixed boundedness
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for Cj in Theorem 5 before handhng in Theorem 6 and the main conclusion in this

paper, namely Theorem 7, which establishes mixed boundedness of the generalized n-linear integral
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for a large range of exponents and answers a question posed by C. Muscalu. The proofs rely on the
Christ—Kiselev martingale structure decomposition from [1], in addition to a generalized version of the
Littlewood—Paley inequality of Rubio de Francia for LP functions with p < 2, see Rubio de Francia [12] and
Lacey [4], and a maximal I? vector-valued inequality for the bilinear Hilbert transform and its generaliza-
tions, see Lemma 2.

2. Mixed estimates
2.1. Preliminaries

To introduce the martingale structure decomposition of Christ and Kiselev, we prove continuity for the

map G272 : [P (R) x LP?(R) — L% (R) given by
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