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1. Introduction

We study the boundary blow-up problem
Au =uP|Vul? in 2, u— coasx — 9, (1)

where {2 is a bounded smooth domain in RV, N > 2, p>0,0<¢ < (p+3)/(p+2) and p+q > 1. To prove
the existence of a positive large solution we first consider, for 0 < € < 1, the problem

Au = uP (e + \Vu|2)% in 2, u— oo as z — 2.

The existence of a positive solution u = u, for this new problem is proved in [3,6,12]. By Lemma 4.1 of [12]
we know that, for any compact G C 2 there is a constant M such that u.(x) < M for all z € G. Note
that, since |Vu|? < (e +|Vu|?)2 < (1+|Vu|?)2, the constant M can be chosen independent of . Moreover,
by Theorem 3.1 (p. 266) of [8] (or by Theorems 14.1 and 15.1 of [7]) we get a bound of |Vuc(x)| in terms
of M for all z € G. Finally, by Theorem 4.2 of [12] a sequence u,,, with ¢; — 0, tends to a solution u of
problem (1).
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We are interested in the behavior of the solution u near the boundary 9f2. Problems of this kind are
discussed in many papers; see, for instance, [1,2,4,5,10,13] and the survey paper [14]. For ¢ = 0, C. Bandle
in [1] has found the estimate
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where §(z) denotes the distance from z to the boundary 9f2, and H(Z) denotes the mean curvature of 92
at the point x nearest to x.

In the present paper we find an estimate similar to (2) for the solution of problem (1). More precisely,
for 0 < g < (p+3)/(p+2) we find

(2-¢N -1)H(z)

u(x) = ¢(5(a:)) {1 + S +3—gqlp+2) o(x) + 0(1)(5(3:))0 7 (3)
where
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(N —1)H(x) = —Ad(x), 0 > 1 is a suitable constant and O(1) is a bounded quantity. Of course, we can
replace H(x) by H(z) as in (1), replacing O(1)(6(z))? by o(d(x)).
The case ¢ = (p + 3)/(p + 2) appears to be critical. In this case we find

(N-1)H(z)
2(p+1)

1

u(z) = 6(5(x)) {1 4 5(x) log % +O(1)5(z) (log W) U] , (5)

where 0 < o < 1.

2. Main results

Let p> 0,0 < ¢ <2, p+q > 1. Consider the equation in (1) in dimension N = 1 and 2 = (0,00). If
u=¢(t) >0 and ¢'(t) < 0 we have

¢" = ¢"(—¢')". (6)

A solution of (6) such that ¢(t) — oo as t — 0 is precisely the function defined in (4).
In what follows we denote by C' > 1 a constant which may change from term to term.

Lemma 2.1. Let A(p, R) C RN, N > 2, be the annulus with radii p and R centered at the origin. Let ¢ be
the function defined in (1), let u(x) be a radial solution to problem (1) in 2 = A(p, R), and let v(r) = u(x)
forr=lz|. Ifp>0,0<q¢g<(p+3)/(p+2) and p+ q > 1 we have

v(r) <¢p(R—r)[1+C(R~-r)], re(r,R), (7)
o(r) > o(r —p)[1 = C(r—p)], re(pr"). (8)
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