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1. Introduction

Suppose that p > 1,(1/p) + (1/¢) = 1,am,b, > 0,a = {an}io—; € IP,b = {b,}32, € 19, ]|a]l, =
{3 ak, 3P > 0,]]b||, > 0, the well-known Hardy-Hilbert’s discrete inequality is given by [1, p. 226]:
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and an equivalent form is
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where the constant factor m/sin(w/p) is the best possible. Define Hardy—Hilbert’s discrete operator T :
P — I by: (Ta)(n) = > °_ 2= where a = {a,,}5°_, € P,n € N. Then (2) can be written as

m=1 m+n’
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[|Tall, < [n/sin(m/p)] ||all, and ||T|| < 7/sin(w/p). Since the constant factor in (2) is the best possible, we
have ||T|| = 7/ sin(7/p).

Inequalities (1) and (2) have been studied extensively, which are important in analysis and applications
[3,10,11,14-16]. Hilbert-type inequalities may be classified into several types (integral, discrete and half-
discrete, etc.). On discrete inequalities, by introducing an independent parameter A (2—min{p, ¢} < A < 2),
Yang [17] gave an extension of (1) in 2002 as follows:
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where B (u,v) is the Beta function, £(n) = n'=*, [|a||p.e == {>oe; &(n)al}/P > 0,||b]|g¢ > 0. In the same
year, another similar form was established by Yang [13]:
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where 0 < g < min{p, ¢}, é(n) = n® DI y(n) = n@= DO Jla||, 4 = {377, d(n)ah }'/? > 0,
[bl] 5 > 0.

It is significant to generalize Hilbert-type inequalities into multiple versions. In recent years, some results
have been obtained [4-8,12,18,19]. In 2009, the following multiple Hilbert-type discrete inequality had been
studied by Yang [15, Example 9.1. 1]
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where the constant factor ﬁ [T, T (%) is the best possible. It is not an easy job to find new forms of
such inequalities. Exploiting these multiple inequalities will greatly increase the scope of our work. This
paper will include a completely new multiple discrete Hilbert-type inequality with an interesting kernel.

The setup of this paper is as follows. In Section 2, a number of basic lemmas are obtained. To calculate the
constant factor, we herein utilize mathematical induction to do an excellent computing. To prove the best
of the constant factor, we apply some analytical skills to do a good estimate for some formula. Section 3
presents our main results, the techniques that will be used in the proof are mainly based on classical
real analysis, especially on the well-known Hélder’s inequality. In addition, the equivalent forms, operator
expressions as well as some reverse inequalities are also considered.

2. Basic lemmas

Lemma 1. (See [15, (9.1.1)].) If n € N\{1} = {2,3,4,5,-- -}, p; Z#0,1(1 = 1,2,---,n), > =1, then
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