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conjecture. In this paper we present a proof of linear independence of compactly
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1. Introduction

Shearlet systems are representation systems that were first introduced by K. Guo, G. Kutyniok, D. Labate,
W.-Q Lim and G. Weiss in [14,16,23]. Furthermore, compactly supported separable shearlet systems were
introduced in [24,20], where it was also proven that these systems can constitute frames, cf. [5]. In this paper,
we study a further structural property of compactly supported separable shearlet systems, namely linear
independence. The term “linear independence” has to be clarified for this, since in an infinite dimensional
space different notions are possible.

Definition 1.1. Let {f;};cr be a countable sequence of elements in a Banach space X.

i) If >, ./ cifi = 0 implies ¢; = 0 for every ¢ € I, then we call {f;}ie; w-independent.
ii) If for any finite set J C I we have > ., c;fi = 0 if and only if ¢; = 0 for all i € J, then we call {f;}ies
linearly independent (or finitely linearly independent).
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Note that w-independence implies linear independence. The question whether certain representation systems
are w-independent or linearly independent, is connected to deep conjectures in harmonic analysis, e.g. the
HRT conjecture and the Feichtinger conjecture. We first explain Feichtinger’s conjecture, whereas the HRT
conjecture, formulated by C. Heil, J. Ramanathan, and P. Topiwala, will be described in Subsection 1.1.1.

The Feichtinger conjecture, see [4], claims that every bounded frame, i.e. a frame that additionally
satisfies 0 < infer || filln < sup;es || filln < oo, can be split into finitely many Riesz sequences, i.e. sequences
(fi)ies,J C I so that there exist 0 < Ay < By < oo such that for all (¢;)ies € £2(J) we have

2

Asll(ei)ieslE < < Byll(ci)ieslli-- (1.1)

> cifi

icJ

H

In [4] the Feichtinger conjecture was proven to be equivalent to the Kadison Singer conjecture, which in turn
has recently been proven by A. Marcus, D.A. Spielman, and N. Srivastava by showing the paving conjecture,
see [26].

In the next subsection we review some related work in the context of linear independence.

1.1. Related work

One of the first representation systems used in signal and image processing are Gabor systems. In this
context the question whether the underlying system is linearly independent was posed. To find a general
answer to this problem is, however, highly involved and leads to the still open HRT conjecture. The same
question was then asked for other representation systems, such as wavelet systems and also localized frames.

1.1.1. Gabor systems
Gabor analysis is build upon time-frequency shifts of a window function g € L*(R) defined as

m(z,w)g = ¥ @lg(t —x), (x,w) e R xR,

For a subset A C R? the Gabor system G(g, A) is defined as G(g,A) := {n(z,w)g, (v,w) € A}, see [11,12].
If A is chosen as a countable subset that is “dense enough”, the theory of Feichtinger and Grochenig [9,10]
ensures that G(g, A) yields a frame for L?(R).

It has been conjectured in [18], that for every non-zero function g € L?(R) and any set of finitely many
distinct points (v, Bx )y, in R? the set of functions {¢2™* g(-—ay) : k = 1,..., N} is linearly independent.
This conjecture is also called HRT conjecture.

While the general claim remains open, there has been a lot of progress in proving the HRT conjecture
for a variety of sets A and functions g, see also the expository paper [17] and the references therein. For
instance, the case where A is a lattice has been studied. As defined in [18] a lattice in R? is any rigid
translation of a discrete subgroup of R? generated by two linearly independent vectors in R2. It is a unit
lattice if every fundamental tile has area 1. A result from [18] states that, if A is sampled from a unit lattice,
then the Gabor system is linearly independent. For a general lattice the theorem of Linnell [25] guarantees
linear independence.

1.1.2. Wavelet systems

A wavelet system is an affine system that is build upon isotropic dilation and translation of generators,
so-called mother wavelets. We will give a more detailed introduction in Subsection 2.1.

Depending on the generator and the sampling of the parameters, wavelet systems can be constructed
such that they constitute a frame, a Riesz basis, or even an orthonormal basis, see [8]. The decomposition
of wavelet frames into linearly independent subsystems has been studied, for instance, in [7]. In particular,
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