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In this work we study the asymptotic behavior of the L∞ norm of the least energy 
solution up of the following semi-linear Neumman problem

⎧⎨
⎩

Δu = u, u > 0 in Ω,
∂u

∂ν
= up on ∂Ω,

where Ω is a smooth bounded domain in R2. Our main result shows that the L∞

norm of up remains bounded, and bounded away from zero as p goes to infinity, 
more precisely, we prove that

lim
p→∞

‖u‖L∞(∂Ω) =
√
e.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

For Ω ⊂ R
2 a bounded domain with smooth boundary ∂Ω, we study the least energy solutions to the 

equation ⎧⎨
⎩

Δu = u, u > 0 in Ω,
∂u

∂ν
= up on ∂Ω,

(1)

where ν is the outward pointing unit normal vector field on the boundary ∂Ω, and p > 1 is a real parameter. 
We studied this equation in [5], where we showed that for a given integer m, and p > 1 large enough, there
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exist at least two solutions Up to equation
⎧⎨
⎩

Δu = u in Ω,
∂u

∂ν
= up on ∂Ω,

(2)

developing m peaks along ∂Ω. More precisely, we prove the existence of m points ξ1, ξ2, . . . , ξm ∈ ∂Ω such 
that for any ε > 0

‖Up‖Ω\∪m
i=1Bε(ξi) −→

p→∞
0,

and that for each i = 1, 2, . . . , m

sup
Ω∩Bε(ξi)

Up(x) −→
p→∞

√
e.

The results in [5, Theorem 1.1] were inspired by the analysis performed in [7], where the authors obtained 
very similar results for the Dirichlet problem

{
−Δw = wp in Ω ⊂ R

2,

w = 0 on ∂Ω.
(3)

In light of the formal similarity between Eqs. (1) and (3), and the results of Ren and Wei [15,16], and 
Adimurthi and Grossi [1] about the least energy solutions to Eq. (3) lead us to conjecture in [5] that the 
least energy solution up of Eq. (1) should be bounded, and bounded away from 0, as p tends to infinity, 
that is, there should exist constants 0 < c1 ≤ c2 < ∞ such that for all p > 1

c1 ≤ ‖up‖L∞(∂Ω) ≤ c2, (4)

moreover, we conjectured that in fact one should have the following limiting behavior

‖up‖L∞(∂Ω) −→
p→∞

√
e. (5)

Recently, Takahashi [20] has proven (4), in fact he has shown the complete analog of the results of Ren 
and Wei [15,16] about Eq. (3), in particular, he has shown that up looks like a sharp “spike” near a point 
x∞ ∈ ∂Ω, that is [20, Theorem 1]

1 ≤ lim inf
p→∞

‖up‖L∞(∂Ω) ≤ lim sup
p→∞

‖up‖L∞(∂Ω) ≤
√
e, (6)

and [20, Theorem 2]

up
p´

∂Ω up
p
−→
p→∞

δx∞ (7)

in the sense of measures over ∂Ω. Moreover, the point x∞ is characterized as a critical point of the Robin 
function R(x) = H(x, x), where H(x, y) = G(x, y) + π−1 ln |x− y| is the regular part of the Green function 
given by

⎧⎨
⎩

ΔxG(x, y) = G(x, y) x ∈ Ω,
∂G

∂νx
(x, y) = δy(x) x ∈ ∂Ω.
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