J. Math. Anal. Appl. 427 (2015) 114-125

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

Quasi-stationary distribution for the birth—death process with @ CossMark
exit, boundary

Wu-Jun Gao, Yong-Hua Mao *

School of Mathematical Sciences, Beijing Normal University, Laboratory of Mathematics and Complex
Systems, Ministry of Education, Beijing 100875, People’s Republic of China

ARTICLE INFO ABSTRACT
Article history: We prove that there exists a unique quasi-stationary distribution for the minimal
Received 18 July 2014 birth-death process with exit boundary. A spectral representation for the quasi-
‘g"alla_ble online 1; February 2015 stationary distribution is also obtained.

ubmitted by U. Stadtmueller © 2015 Elsevier Inc. All rights reserved.

Keywords:

Birth—death process
Quasi-stationary distribution
Exit boundary

Duality

Spectral representation
h-Transform

1. Introduction and main results

Quasi-stationary distribution (QSD) for a Markov process describes the limiting behavior of an absorbing
process when the process is conditioned to survive. The existence, uniqueness and other properties of
quasi-stationary distributions for various Markov processes have been studied since 1940s. For survey on
QSDs, refer to van Doorn and Pollett [9], Collet, Martinez and San Martin [4]. See Pollett [17] for an almost
exhaustive bibliography for QSDs.

In this paper, we will study QSDs for the birth—death process with exit boundary. Consider a continuous-
time birth—death process X = (X;,¢t > 0) taking values on nonnegative integers Z, = {0,1,---}. Its
@Q-matrix is

—(ao + bo) bo
aq —((ll + bl) b1

Q= az —(CLQ —|—b2) bg ) (1'1)
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where birth rates {b;,7 > 0} and death rates {a;,i > 1} are positive, and ag > 0. When ay = 0 the process
is irreducible; when ag > 0 the process can jump from state 0 to state —1 (say) and stay there.
Define
bo--bi_1 . 1

mo=1, pi=—— izl vy=
ay---a; Hib;

, >0 (1.2)

And let

i
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When ag > 0 and A = oo, the process is certainly absorbed at —1, van Doorn [6] identified all quasi-
stationary distributions for the birth—death process. If co is an entrance boundary (i.e. R = 00,5 < 00),
there is a unique QSD; if oo is a natural boundary (i.e. R = S = o), then either decay parameter A = 0
and there is no QSD, or A > 0 and there is a continuum of QSDs.

In [13], the authors gave a survey on the existence of QSDs for birth—death processes. They asked when
oo is an exit boundary (i.e. R < 00, S = 0), do there exist QSDs for the minimal birth-death process? We
give an affirmative answer. In this case, there exists a unique QSD for the minimal process.

When R < oo and S = oo, the corresponding @-process is not unique. Let X = (X;,t > 0) be the
minimal Q-process with life time T' < oo, a.s. If ag = 0, T is the first leap time ¢ := lim,,_, (,, where (,
are the epochs of successive jumps: (o =0, {, =inf{t : ¢ > (-1, Xy #X¢, ,},n>1.1fay >0, T=(AT,
where 7 = inf{t > 0: X; = —1}. Let P(t) = (ps;(t),4,j € Z4):

pz]() P(Xt—]at<T) i:jEZ-‘m t>03 (14)

be the Feller minimal transition function.
We will firstly formulate the following quasi-stationary distribution for the minimal process X. Let’s
denote the law of the process with initial distribution u by P, (or P; if u = ;).

Definition 1.1. A proper probability distribution u = (u;,¢ € Z4) is called a quasi-stationary distribution
for the minimal process (X;,t > 0), if

Pu(X; = jIT >t) =u;, Vje€Zy, t>0. (1.5)

We will establish the connection between quasi-stationary distributions for the minimal process and the
spectral properties of its generator (). Since that the minimal @Q-process is the only Q-process satisfying
the forward equations, we can derive the following theorem from Theorem 4.1 in [16] (where the condition
gi0 > 0 for some 7 is not needed).

Theorem 1.2. Assume ag > 0, R < 0o and S = oco. Then u = (u;,i € Z4) constitutes a quasi-stationary
distribution for the minimal Q-process if and only if u solves u@Q = —au for some o > 0, and satisfies
u; >0, ZieZ+ u; = 1. Moreover, a = ugag + lim; o (u;b; — wj11a441).

Let X be the decay parameter of the minimal birth—death process:

A= — lim 7108;}%‘]' ®)

t—o00

;4,5 20. (1.6)

It is well known that A is independent of i,j. Let g(\) := (g;(\),7 € Z4) satisfy Qg(A) = —Ag()), then
) > 0 for any ¢ € Z. Denote v; = p;g;(A\), then v = (v;,¢ € Z4) is A-invariant measure for @, that is

gi(A
v@Q = —Av. In [13, pages 192, 200], the authors asked that whether
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