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It is shown that the polynomials orthogonal on (−1, 1) w.r.t. the oscillatory weight 
eiωx exist if ω is a transcendental number and tanω/ω ∈ Q. Also, it is proved that 
such orthogonal polynomials exist for almost all ω > 0, and the roots are all simple 
if ω > 0 is either small enough or large enough.
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1. Introduction

We consider the problem of existence of orthogonal polynomials and Gaussian quadrature rules (in the 
standard form) for the following inner product:

(f, g)ω =
1∫

−1

f(x)g(x)eiωx dx, (1)

with ω > 0. A similar consideration on polynomials orthogonal on (−1, 1) w.r.t. the weight function x(1 −
x2)−1/2eiωx is the subject of the paper [3]. More precisely, we seek a monic polynomial pωn of a given degree n
such that

1∫
−1

pωn(x)xjeiωx dx = 0, j = 0, 1, . . . , n− 1. (2)

The following results on the existence of pωn are due to [1]:

Proposition 1. pω1 exists for any ω except when ω is a multiple of π.
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Proposition 2. pω2 exists for all ω.

Conjecture 1. pωn with n even exists for all ω.

Conjecture 2. pωn with n odd does not exist for some ω.

In this paper, we give a sufficient condition on ω for which pωn exists for all n. According to Conjecture 1, 
this condition is not necessary. We show that pωn exists for almost all ω > 0. If the existence of pωn is assumed, 
it is shown that all of its roots are simple when ω > 0 is either small enough or large enough.

Throughout the paper, we frequently suppress the dependence of objects on ω for simplification in 
notations.

2. Orthogonal polynomials

A necessary and sufficient condition for existence of the orthogonal polynomial pωn is that the Hankel 
determinant

Δn =

∣∣∣∣∣∣∣∣∣∣

μ0 μ1 · · · μn−1
μ1 μ2 · · · μn

...
... · · ·

...
μn−1 μn · · · μ2n−2

∣∣∣∣∣∣∣∣∣∣
(3)

does not vanish. The moment μk :=
∫ 1
−1 x

keiωx dx is defined recursively (see [1]):

μ0 = 2 sinω

ω
, (4a)

μk = 1
iω

(
eiω − (−1)ke−iω)− k

iωμk−1, k ≥ 1. (4b)

It is easy to show that

μk = (−1)kk!
(iω)k

k∑
ν=0

(−iω)νsν
ν! , (5)

where

sν := 1
iω

(
eiω − (−1)νe−iω) =

⎧⎪⎨
⎪⎩

2 sinω

ω
, for ν even,

2 cosω
iω , for ν odd.

Then we can expand (5) into

μk = 2(−1)k+1k!
(iω)k

⎛
⎝cosω

k∑
ν=1

ν odd

(−iω)ν−1

ν! − sinω

ω

⎛
⎝1 +

k∑
ν=2

ν even

(−iω)ν

ν!

⎞
⎠
⎞
⎠ . (6)

Now consider the matrix corresponding to the Hankel determinant Δn. If we take from the rth row the 
factor 

(−1
iω

)r−1, and from the sth column the factor 
(−1

iω
)s−1, then we arrive at a new Hankel determinant 

Δ̃n with the moments

μ̃k := −2k!

⎛
⎝cosω

k∑
ν=1

ν odd

(−iω)ν−1

ν! − sinω

ω

⎛
⎝1 +

k∑
ν=2

ν even

(−iω)ν

ν!

⎞
⎠
⎞
⎠ . (7)
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