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1. Introduction

We consider the problem of existence of orthogonal polynomials and Gaussian quadrature rules (in the
standard form) for the following inner product:

1

(f.9) = / f(@)g(x)e da, (1)

—1

with w > 0. A similar consideration on polynomials orthogonal on (—1,1) w.r.t. the weight function z(1 —
x2)_1/ 2elw? ig the subject of the paper [3]. More precisely, we seek a monic polynomial p% of a given degree n
such that

1
/p:;(x)mjeiwdxzo, ji=01,...,n—1. (2)
41

The following results on the existence of p% are due to [1]:
Proposition 1. pf exists for any w except when w is a multiple of 7.
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Proposition 2. p% exists for all w.
Conjecture 1. p¥ with n even exists for all w.
Conjecture 2. p¥ with n odd does not exist for some w.

In this paper, we give a sufficient condition on w for which p% exists for all n. According to Conjecture 1,
this condition is not necessary. We show that p% exists for almost all w > 0. If the existence of p¥ is assumed,
it is shown that all of its roots are simple when w > 0 is either small enough or large enough.

Throughout the paper, we frequently suppress the dependence of objects on w for simplification in
notations.

2. Orthogonal polynomials

A necessary and sufficient condition for existence of the orthogonal polynomial p% is that the Hankel

determinant
Ho N !
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does not vanish. The moment py, := f_ll zkel“” dz is defined recursively (see [1]):
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It is easy to show that
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Then we can expand (5) into
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Now consider the matrix corresponding to the Hankel determinant A,,. If we take from the rth row the

factor (i*—wl)r_l, and from the sth column the factor (i*—wl)s_l, then we arrive at a new Hankel determinant

A,, with the moments
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