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1. Introduction and main results

COHSider lhe differenl ia,l equat iOIl
_‘T - xl - mg a-(l’f)l’ni = P(t :L') (1)
dt i ! ’ ’

where 1 < n; <n, and the a;(t) are T-periodic analytic functions.

The problem of determining the number of limit cycles of (1) goes back to S. Smale and C. Pugh, and is
motivated by Hilbert’s 16th problem since, for some important families of polynomial planar systems, the
problem of determining the limit cycles around a critical point is equivalent to determining the limit cycles
of (1) with a;(t) being trigonometric polynomials (see [8,11,12,16]).

A second motivation for the study of (1) is its application in modelling real-world phenomena (see [4,9,
13,19] and references therein).
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When n = 3, A. Lins Neto [16] proved that for any N there exist trigonometric polynomials a;(¢) such
that (1) has at least N limit cycles. This implies that, to bound the number of limit cycles, some additional
conditions must be imposed. Most of the partial results that have been obtained impose the condition that
some of the coefficients have definite sign. To cite just some of the most relevant, V.A. Pliss [17] proved
that when n = 3 and the leading coefficient of P(t,z) as a polynomial in x has definite sign then (1) has
at most three limit cycles. Yu. Ilyashenko [15] obtained a bound of the solutions of (1) when the leading
coefficient is 1, in terms of the oco-norm of the rest of the coefficients. A. Gasull and J. Llibre [10] proved
that when n = 3 and the coefficient of 22 has definite sign then (1) has at most three limit cycles.

When the coefficients of (1) have no definite sign, there are two families of results. The first imposes
symmetries (and signs) on some of the coefficients (see for instance [6,7]), while the second requires that
some linear combination of the coefficients has definite sign and imposes some restrictions on the possible
monomials of (1) (see [1,5,14]; for more details, we refer the reader to the last subsection of the present
paper).

In this communication, we generalize this second family of results in such a way that they can be applied
to general families of Abel equations (previous results impose that the maximum number of different degrees
in z is three). In order to precise the results, let us fix o; € R, 0 < ¢ < m. We may rewrite (1) as

' = ao(t)Q(x) + R(t, x), (2)
where
Q(z) :==a™ — Zaixni, R(t,z) = Zbi(t)mm, bi(t) = aap(t) + a;(t).

Let u(t,x) denote the solution of (1) determined by w(0,z) = x. Note that u(t,x) is periodic if and only
if uw(T,x) = x. Therefore, isolated zeroes of the displacement function, A(z) := u(T,z) — z, are the limit
cycles of (1).

In Proposition 2.1, we shall prove that if u(¢, x) is a limit cycle of (2) such that @Q(u(t)) # 0 in [0, 7] then

ug (T, x) = p<0/ Q(u(t,z)) dt>7

where W is the Wronskian of @) and R as functions in z, i.e.,
W(ta JZ) = Q(x)Rz(tv :L‘) - R(tv x)Ql(x)

(Throughout this paper, we shall use subindices in a function to denote the corresponding partial deriva-
tives.)
In particular, we shall prove that this implies that, if V' is a connected component of

U={(t,z) e R*: W(t,z)Q(z) # 0},

then there is at most one limit cycle with trajectory included in V. Under additional conditions which imply
that limit cycles are either contained in U or disjoint with U, Theorem 1.1 will give the upper bound 3n —1
(the maximum number of connected components of U) for the number of limit cycles of (1).

What are the precise conditions ensuring that limit cycles are either contained in or disjoint with U?
Since a;(t) and b;(t) are periodic and analytic, (1) is defined on the cylinder S* x R, and all the functions
considered are polynomials in z with coefficients in the domain of analytic functions C*(S!). In particular,
they belong to the principal ideal domain of polynomials M (S')[z], where M (S!) is the field of fractions
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