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1. Introduction

Magnetohydrodynamics (MHD) [1] (magneto fluid dynamics or hydromagnetics) is the study of dynamics
of electrically conducting fluids. Such fluids include plasmas, liquid metals, salt water and electrolytes. The
word magnetohydrodynamic is derived from magneto-meaning magnetic field, hydro-meaning liquid and
dynamics meaning movement. The field of MHD was initiated by Hannes Alfvén, for which he received the
Nobel Prize in Physics in 1970.

The fundamental concept behind MHD is that magnetic fields can induce currents in a moving conductive
fluid which in turn creates forces on the fluid and also changes the magnetic field itself. The set of equations
which describe MHD are a combination of the Navier—Stokes equations of fluid dynamics and Maxwell’s
equations of electromagnetism.

This paper concerns itself with the incompressible three-dimensional MHD:

u + (u-Vyju=-Vp+ pAu+ (V xB) x B,
B, =vAB+ V x (u x B), (1.1)
V-ou=0, V-B=0.
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Here, B(x,t) denotes the magnetic field, u(x,t) is the velocity field, p(x,t) is the pressure, p > 0 is the
fluid viscosity, v > 0 is the resistivity. Firstly, by using the transformation of cylindrical coordinate, we
obtain the three-dimensional axially symmetric incompressible MHD equation: (2.13) and (2.14). Secondly,
we get a new one-dimensional model and this model approximates the three-dimensional asymmetric MHD
along the symmetry axis. By expanding the angular velocity Y, the angular vorticity w?, the angular
stream function ¢?, the angular magnetic B?, the angular current density j° and the angular magnetic
stream function ¢ around r = 0, we neglect the high-order terms in r and assume that the second partial
derivative of uf, w¥, ¢, BY, j¢{ and ®{ with respect to z is much larger than the functions with respect
to 7. We get the one-dimensional coupled nonlinear partial differential equations are

(u), = 2(v1) uf + 207 (uf), = (uf),, — 2(29) B +207(BY) ., (1.2)
(f), + 20 (@), = [())"], = (@), +200(s7). - [(B)].. (1.3)

—(¥),, =, (1.4)
(BY), + 201 (BY), = (BY)., + 2% (u]), (1.5)
(07), = (1)1 + 200 (439), = (7). — (@) ol + 200 (w]), +3(¢7), (1).. —3(2).(¢])... (16)
—(29).. =41, (1.7)

where uf = u?(0, z,t) which is similar to ¢, ¢, BY, jf and @Y. Thirdly7 we construct a family of exact solu-

tions from the above one-dimensional model. If (uf,w{, ¢, BY, j¢. #9) is an exact solution to one-dimensional
model, then

u‘g(r7 z,t) = ruf(zgt), w‘g(r, z,t) = rwf(z,t), ¢9(r, z,t) = rwf(z,t)7
B%(r,z,t) =rBl(z,t),  j'(r,zt) =rjl(zt),  @°(r,2,t) = rd{(z,1) (1.8)

is an exact solution to the three-dimensional axisymmetric MHD equations (Theorem 2.1). Fourthly, con-
sidering a family of particular solutions to three-dimensional axisymmetric MHD equations v’ = 0 and
B" = B* =0, we arrive at

W+ 20(@); = (@22 — [(B)?],,
Bt "‘21/}( )z = ( _)227

_ 1.9
5t+2¢(@)z ( )zz—v _BZ"'e() ( )
_(/(Z)zz = w,
where @ = W?, ¥ = ¢ v = —(¢). = —(¥¥)., B = BY and e(t) = 3f0 v?dz + f B2dz. Moreover, we

get the prior estimates of B(z,t) and o(z,t) (Theorems 3.2-3.4). Flnally, we construct a family of globally
smooth solutions to the three-dimensional MHD by using the particular solutions to the one-dimensional
model (1.9), then

@’ (r,z,t) = r[ﬂl(z,t)¢(r) + ug (r,z,t)}, &O(r, 2,t) = r[@l(z,t)qb(r) + wi (7, z,t)],
1[)9(7’, z,t) = 7'[151 (z,)(r) + o1 (r, 2, t)], Be(r, z,t) = T[Bl (z,)o(r) + By (r, z, t)]7
50(7', Z, t) = ?”l:51(2:, t)QS(T) + jl(n Z7t)] ) ée(rv Z, t) = r[@l(zv t)¢(T) + qv)l(’ra Z, t)} )

where (i1, @1, 191, By, j1, 1) is a particular solution to (1.2) (1.7). We can find function w1 (r, z, t), wl(r z,t),
VY1(r, 2,t), Bi(r, 2,t), j1(r, z,t) and ¢1(r, 2, t) such that @%(r, 2, t), &%(r, 2, 1), ? (r,2,t), Be(r z,t), 3%(r, 2, 1)
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