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' function, its gradient or its divergence, respectively. The main result of the paper
Submitted by A. Dontchev

establishes, under certain conditions, the density of K(Xo) in K(X;) where Xj is
densely and continuously embedded in X;. The proof is constructive, utilizes the

é(leoysqsgrél;wex sets theory of mollifiers and can be applied to Sobolev spaces such as Ho(div, 2) and
Dense embedding Wol’p(.(l)7 in particular. It is also shown that such a density result cannot be expected
Gradients in general.

Pointwise constraints © 2015 Elsevier Inc. All rights reserved.

Sobolev spaces

1. Introduction

Many problems in the calculus of variations involve, either directly or through (Fenchel) dualization,
constraint sets of the type

K(X):={f e X:|(Gf)(z)| < afz) ac., z € N2},

where 2 C R¥ represents some underlying domain, N € N, X is a Banach space of functions on 2, |-| stands
for the Euclidean norm, « denotes a sufficiently regular function with a(z) > a > 0 for x € {2, and where
“a.e.” stands for “almost everywhere”. Further, the operator G takes one of the following choices:

G =id, G=V, G =div.
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Let X; denote, for instance, a Hilbert space of RM-valued functions over 2 and X, a Banach space which
is continuously and densely embedded in X;. For approximation purposes it is often necessary to find an
answer to the following question:

Is K(Xp) is dense in K(X7) with respect to the norm in X;? (1)

In general, the answer is not positive. In fact, K(Xy) might not even contain non-trivial elements as the
following example! demonstrates.

A counter-ezample. Consider X, = L2(£2)M | where 2 is a domain in RY. Let {p,,}°° ; be an enumeration
of a dense set in 2 and ¢, (z) := |z — p,|~/* for 2 # p,. Note that since §2 is bounded, there exists K > 0
such that |¢,|2(0) < K for all n € N. Then, g := Y 7, k~2¢;, belongs to L%(2), is strictly positive on 2,
and it is unbounded at each p,, i.e., it is unbounded on a dense set.

Let X, be the linear space of functions f = hg with h € C(2)M and endowed with norm |f|x, =
sup,cp [h(z)], Xo is a Banach space. Clearly, if f € X, then f € X; and [f|x, < [g]x, |h|cg)» = [9]x, |f]x,.
proving the embedding to be continuous. Let f € C(£2)M be arbitrary, and let f, € X; be of the form
f, = h,g with h,,(z) = f/g,, and g, = >_p | k=2 min(¢x, n) € C(£2), where the min-operation is understood
in a pointwise sense. Then it holds that

|fn - f|X1 = |hng - f|X1 = ‘hng - hngn‘Xl < |hn|c(§)M|g - gn‘LQ(Q)-

One readily observes that |g —gn|z2(2) — 0 since we have | min(éx, n) — ¢x|r2(0) — 0 for each k. Therefore,
Xy is dense in C(I_Z)M with respect to the X;-norm, and since the latter is dense in X7, X is also dense in
X;. Finally, for G = id and an arbitrary o € C(£2), we have that K(X,) = {0} which is clearly not dense
in K(X7). Therefore, the dense and continuous embedding of Xy in X is not sufficient for

K(Xo) ' =K(X)). (2)

Motivating applications. We briefly mention several motivating applications where (1) emerges from
Fenchel dualization [7] and semismooth Newton solvers [11]. In a rather abstract setting, regularized total
variation type image restoration [14], energies related to Bingham fluids [10], simplified friction problems
or elasto-plastic problems in material science [6,16,4,18,13] can be associated with the following problem:

minimize F(y) + a/|C’y(s)|ds overy €Y, (3)
S

where Y denotes a real Banach space with topological dual Y*, F : Y — R is of the form F(y) =
Ay = ),y = [)y=y + (@, ¥)y-y + b where (-,-)y+y denotes the duality pairing between Y and Y*,
A € L(Y,Y™) is invertible, a € Y* and b € R. Furthermore, « > 0 is fixed and C' is a linear and continuous
operator from Y to L2(S,REXM) je., C € L(Y,L*(S,REXM)) with Le N, 1< L,M < N,and S C §2 or
S C 912, where 0f2 denotes the boundary of 2 C RY. We emphasize here that the functional associated
with a > 0 in (3) changes in the context of the (non-regularized) total variation based image restoration:
see (6) and (7) below, where Y = BV (§2). The Fenchel dual problem of (3) is given by

minimize F*(C*p) over p € L*(S, RLXM) (4a)
subject to fp(x)| <a ae,z€eSs. (4b)

1 The construction is based on an idea of Martin Hairer, Department of Mathematics, University of Warwick.
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